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PREFACE 



In 1965, Lofti A. Zadeh introduced the notion of a fuzzy subset of a set as 
a method for representing uncertainty. It provoked, at first (and as 
expected), a strong negative reaction from some influential scientists and 
mathematicians— many of whom turned openly hostile. However, despite 
the controversy, the subject also attracted the attention of other 
mathematicians and in the following years, the field grew enormously, 
finding applications in areas as diverse as washing machines to 
handwriting recognition. In its trajectory of stupendous growth, it has also 
come to include the theory of fuzzy algebra and for the past five decades, 
several researchers have been working on concepts like fuzzy semigroup, 
fuzzy groups, fuzzy rings, fuzzy ideals, fuzzy semirings, fuzzy near-rings 
and so on. 

In this book, we study the subject of Smarandache Fuzzy Algebra. 
Originally, the revolutionary theory of Smarandache notions was born as a 
paradoxist movement that challenged the status quo of existing 
mathematics. The genesis of Smarandache Notions, a field founded by 
Florentine Smarandache, is alike to that of Fuzzy Theory: both the fields 
imperatively questioned the dogmas of classical mathematics. 

Despite the fact that Fuzzy Algebra has been studied for over fifty years, 
there are only two books on fuzzy algebra. But both the books do not 
cover topics related to fuzzy semirings, fuzzy near-rings etc. so we have 
in this book, two parts: In Part 1 we have recalled all the definitions and 
properties of fuzzy algebra. In Part II we give Smarandache fuzzy 
algebraic notions. This is the first book in fuzzy algebra which covers the 
notions of fuzzy semirings and fuzzy near-rings though there are several 
papers on these two concepts. 

This book has seven chapters, which are divided into two parts. Part I 
contains the first chapter, and Part II encloses the remaining six chapters. 
In the first chapter, which is subdivided into twelve sections, we deal with 
eleven distinct fuzzy algebraic concepts and in the concluding section list 
the miscellaneous properties of fuzzy algebra. The eleven fuzzy algebraic 
concepts which we analyze are fuzzy sets, fuzzy subgroups, fuzzy sub- 
bigroups, fuzzy rings, fuzzy birings, fuzzy fields, fuzzy semirings, fuzzy 
near-rings, fuzzy vector spaces, fuzzy semigroups and fuzzy half- 
groupoids. The results used in these sections are extensive and we have 
succeeded in presenting new concepts defined by several researchers. In 
the second chapter we introduce the notion of Smarandache fuzzy 
semigroups and its properties and also study Smarandache fuzzy 
bisemigroups. In the third chapter, we define the notion of Smarandache 
fuzzy half-groupoids and their generalizations (Smarandache fuzzy 
groupoids and bigroupoids, Smarandache fuzzy loops and biloops). 

Chapter four deals with Smarandache fuzzy rings and Smarandache non- 
associative fuzzy rings. This chapter includes Smarandache fuzzy vector 
spaces and Smarandache birings. The study of Smarandache fuzzy 
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semirings and its generalizations comprises the fifth chapter. Likewise, in 
the sixth chapter we analyze Smarandache fuzzy near-rings and its 
generalizations. In these six chapters, we have succeeded in introducing 
around 664 concepts related to Smarandache fuzzy algebra. The reader is 
expected to be well-versed with a strong background in Algebra, Fuzzy 
Algebra and Smarandache algebraic notions. 

The final chapter in this book deals with the applications of Smarandache 
Fuzzy algebraic structures. I do not claim that I have exhausted all the 
possibilities of applications, all that I have done here is to put forth those 
concepts that clearly have relevant applications. When I informed my 
interest in writing this book, Dr. Minh Perez of the American Research 
Press, editor of the Smarandache Notions Journal, a close research 
associate and inspiration-provider par excellence, insisted, rather subtly, 
that I try to find applications for these Smarandache notions. I was 
worried a little bit about finding the right kind of applications to suit this 
book, and then I happened to come across an perceptive interview with 
the Father of Fuzzy Sets, Lofti. A. Zadeh. Emphasizing about the long time 
it takes for a new subject to secure its place in the spotlight, he says, 
"Now: Probabilistic computing. It is interesting that within Artificial 
Intelligence it is only within the past several years that it has become sort 
of accepted. Previous to that it was not accepted. There was an article in 
the New York Times about Bayesian things. It says this technology is 276 
years old. Another example that comes to mind is holography. Garbor 
came up with his first paper in 1946; I saw the paper. No applications 
until the laser was invented! It's only after laser was invented that 
holography became useful. And then he got the Nobel Prize. Sometimes it 

has to await certain things So, sometimes it's a matter of some 

application that all of the sudden brings something to light. Sometimes it 
needs that kind of thing." Somewhere between those lines, I could find 
the hope that I had longed for. It made me attest to the fact that research 
is generally a legacy, and that our effort will subsequently stand up to 
speak for itself. 

Since I am generalizing now, and speaking of hope and resurrection and 
the legacy of effort, and also about movements that challenge the dogmas 
and the irrationality of tradition, I am also aware of how all of this 
resonates with the social aspects of our life. 

Thinking about society, about revolution and revolt, and about the 
crusades against domination and dogma, I dedicate this book to Periyar 
(Literally meaning, The Great Man), the icon of rationalism. He single- 
handedly led the non-brahmins of South India, to a cultural, political and 
social awakening, freeing them from the cruel bonds of slavery that 
traditional brahminism foisted upon them. He was the first political leader 
in India to fight for the concepts of Self-Respect and Social Justice; and in 
terms of social reform, he stands unparalleled. His writings and speeches, 
which I read with the rigour that is expected of serious research, are now 
a permanent part of my personal faith. Periyar's ideology and political 
praxis have influenced me overwhelmingly, and his thought drives me to 
dissent and to dare. 
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Chapter One 

SOME RESULTS ON FUZZY ALGEBRA 



This chapter has twelve sections. First section we introduce the concept of fuzzy sets. 
As there are very few books on fuzzy algebra we have tried our level best to introduce 
all the possible definitions of fuzzy groups, fuzzy rings, fuzzy vector spaces, fuzzy 
near rings. Section two is devoted to the definition of fuzzy groups and some of its 
basic properties. Section three solely deals with the study and introduction of fuzzy 
sub-bigroup of a group. Fuzzy rings and its properties are introduced in section four. 
Section five introduces the notions of fuzzy birings. Study of fuzzy fields is carried 
out in section six. Study of fuzzy semirings and their generalizations are given in 
section seven. Section eight gives the properties of fuzzy near-rings and its properties. 
We describe the notions of fuzzy vector spaces and fuzzy bivector spaces in section 
nine. A brief study of fuzzy semigroups is carried out in the tenth section. The 
generalization of fuzzy half groupoids and its generalizations are given in section 
eleven. The final section, which is quite radical in nature gives the miscellaneous 
properties in fuzzy algebraic structures. 



1.1 Fuzzy Subsets 

In 1965 Zadeh [144] mathematically formulated the fuzzy subset concept. He defined 
fuzzy subset of a non-empty set as a collection of objects with grade of membership 
in a continuum, with each object being assigned a value between 0 and 1 by a 
membership function. Fuzzy set theory was guided by the assumption that classical 
sets were not natural, appropriate or useful notions in describing the real life 
problems, because every object encountered in this real physical world carries some 
degree of fuzziness. Further the concept of grade of membership is not a probabilistic 
concept. 

Definition 1.1.1: Let X be a non-empty set. A fuzzy set (subset) p of the set X is a 
function p: X —> [0, 1], 

Definition 1.1.2: Let p be a fuzzy subset of a set X. For t e [0, 1], the set 
X' u = \xe X | p(x) > / } /.s called a t-level subset of the fuzzy subset p . 

Definition 1.1.3: A fuzzy set of a set X is called a fuzzy point if and only if it takes 
the value 0 for ally € X except one, say, x e X. If its value at x is t, (0 <t < 1) then we 
denote this fuzzy point by x t . 

Definition 1.1.4: The complement of a fuzzy set p of a set X is denoted by it and 
defined as /t(x) = 1 - p (x) for every x e X. 

We mainly give definitions, which pertain to algebraic operations, or to be more 
precise we are not interested in discussing concepts topologically or analytically like 
continuity, connected, increasing function or decreasing function. Just we proceed on 
to define when are two functions disjoint and the concept of min max functions. 
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Definition 1.1.5: Two fuzzy subsets p and A of a set X are said to be disjoint if there 
exists no x € X such that ft (x) = /l (x). 

Definition 1.1.6: The union of two fuzzy sets A and jit of a set X, denoted by A u p is 
a fuzzy subset of the set X defined as (A u if (x) = max {A (x), ju (x)} for every x e X. 
The intersection of two fuzzy (subsets) sets A and p of a set X, written as A n p, is a 
fuzzy subset of X defined as (A n p) (x) = min {A(x), p (x)} for every x € X. 

Definition 1.1.7: Let A and p be two fuzzy subsets of a set X. Then A is said to be 
contained in p, written as A cz /U if A (x) < p (x) for every x £ X. If A (x) = p (x) for 
every x £ X then we say A and p are equal and write A = //. 

Definition 1.1.8: A fuzzy subset p of a set X is said to normal if 

SUpM(x) = 1- 

xeX 



A fuzzy subset p of a set X is said to be normalized if there exist x e X such that p (x) 
= 1 . 



Definition 1.1.9: Let f : X —> Y be a function. For a fuzzy set p in Y, we define 
(f~'(H)) (x) = H (f(x) for every x e X. 



For a fuzzy set A in X, f(A) is defined by 



m)(y) = 



sup A(x) 
0 



if f(z) = y,ze x 

if there is no such x 



where y e Y. 

Definition 1.1.10: Let X be any set. A fuzzy subset // in the set X has the sup 
property if for any subset A of the set X there exists xo e A such that p (xo) = sup 
(p(x) / x e A}. 

Definition 1.1.11: Let A and p be fuzzy subsets of the sets X and Y respectively. The 
cartesian product of A and p is defined as A x p: X xY—> [0, 1] such that (A x p) (x, 
y) = min (A(x), p (y)} for every (x, y) e X xY. A fuzzy binary relation R a on a set X is 
defined as a fuzzy subset of X xX. 

The composition of two fuzzy relations R a and R u is defined by (Rx o R u )(x, y) = 
SUp {min Ra (x, t), R u (t, y)},for every x, y e X. 

teX 



Definition 1.1.12: Let Ra be a fuzzy binary relation on a set X. A fuzzy subset p of 
the set X is said to be a pre class of Ra if min {p (x), p (y) } <Ra(x, y) for every x, y e 



X. 
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A fuzzy binary relation R, i on a set X is said to be a similarity relation on the set X if it 
is reflexive, symmetric and transitive that is, for every x, y, z € X. 

Ra (x, x) = 1 

Ri i (x, y) = Ra (y, x) 

min { Ra (x, y), Ra ty, z)} <Ra (x, z). 

Let p be a fuzzy subset of a set X. If p (x) = 0 for every x e X then we call p as empty 
fuzzy set and denote it by <px- If p (x) = 1 for every x € X then we call p as whole fuzzy 
set and denote it by lx- 

DEFINITION 1.1.13: A fuzzy binary relation S on X is said to be a similarity relation 
on X if it is reflexive, symmetric and transitive i.e. 

S (x, x) = 1. 

S (x, y) = S (y, x). 

S (x, y) a S (y, z) < S (x, z) for all x, y, z in X. 

For more about fuzzy sets please refer [17, 26, 59, 144], 



1.2 Groups and fuzzy subgroups 

Rosenfield [112] introduced the notion of fuzzy group and showed that many group 
theory results can be extended in an elementary manner to develop the theory of fuzzy 
group. The underlying logic of the theory of fuzzy group is to provide a strict fuzzy 
algebraic structure where level subset of a fuzzy group of a group G is a subgroup of 
the group. [14, 15] reduced fuzzy subgroup of a group using the general t-norm. 
However, [112] used the t-norm ‘min’ in his definition of fuzzy subgroup of a group. 
Fuzzy groups are further investigated by [32, 33] who mainly studied about the level 
subgroups of a fuzzy subgroup. [109] analyzed this level subgroups of a fuzzy 
subgroup in more detail and investigated whether the family of level subgroups of a 
fuzzy subgroup, determine the fuzzy subgroup uniquely or not. The concepts of fuzzy 
normal subgroup and fuzzy coset were introduced by [98]. For more about fuzzy 
groups please refer [2, 5, 14, 16, 30, 32, 55, 73, 83, 85, 86, 89, 93, 109, 1 12, 136, 137, 
138, 139], 

Definition 1.2.1: Let G be a group. A fuzzy subset p of a group G is called a fuzzy 
subgroup of the group G if 

i. p(xy) >min { p (x) , p (y)j for every x, y e G and 

ii. pix 1 ) = p (x) for every x e G. 

Definition 1.2.2: Let G be a group. A fuzzy subgroup A of G is called normal if A (x) 
= A (y 1 x y) for all x, y e G. 

Definition 1.2.3: Let A be a fuzzy subset of S. For t € [0, 1] the set A t = { s e S / 
A (x) >tf is called a level subset of the fuzzy subset A. 
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In consequence of the level subset we have the following theorem: 

Theorem 1.2.1: Let G be a group and A be a fuzzy subgroup of G. Then the level 
subsets A t , for t e [0, 1], t <A (e) is a subgroup of G, where e is the identity of G. 

Proof. Direct, refer [16], 

Theorem 1.2.2: A fuzzy subset p of a group G is a fuzzy subgroup of the group G if 
and only if p (xy~ ) >min {p (x) , p (y)} for every x, y € G. 

Proof Left for the reader as it is a direct consequence of the definition. 

Theorem 1.2.3: Let pbe a fuzzy subset of a group G. Then p is a fuzzy subgroup of 
G if and only if G‘ is a subgroup (called level subgroup) of the group G for every t e 

[0, p (e)], where e is the identity element of the group G. 

Proof Left as an exercise for the reader to prove. 

Definition 1.2.4: A fuzzy subgroup p of a group G is called improper if p is 
constant on the group G, otherwise p is termed as proper. 

DEFINITION 1.2.5: We can define a fuzzy subgroup p of a group G to be fuzzy normal 
subgroup of a group G if p (xy) = p (yx) for every x, y e G. This is just an equivalent 
formation of the normal fuzzy subgroup. Let p be a fuzzy normal subgroup of a group 
G. For t € [0, 1], the set p t = {(x, y) e G x G / p (xy ~ ] ) > t} is called the t-level 
relation of p. For the fuzzy normal subgroup p of G and for t e [0, 1], p t is a 
congruence relation on the group G. 

In view of all these the reader is expected to prove the following theorem: 

Theorem 1.2.4: Let p be a fuzzy subgroup of a group G and x e G. Then p (xy) = 
p(y) for every y e G if and only if p (x) = p (e). 

Definition 1.2.6: Let p be a fuzzy subgroup of a group G. For any a e G, a p 
defined by (a p) x = p (ax) for every x e G is called the fuzzy coset of the group G 
determined by a and p. 

The reader is expected to prove the following. 

Theorem 1.2.5: Let pbe a fuzzy subgroup of a group G. Then xG' u = G‘ for every 
x € G and t e [0, 1], 

We now define the order of the fuzzy subgroup \x of a group G. 

Definition 1.2.7: Let pbe a fuzzy subgroup of a group G and If = jx e G/ p (x) = 
p(e)l then o(p), order of p is defined as o(p) = o(H). 
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THEOREM 1.2.6: Any subgroup H of a group G can be realised as a level subgroup of 
some fuzzy subgroup of G. 

The proof is left as an exercise to the reader. Some of the characterization about 
standard groups in fuzzy terms are given. The proof of all these theorems are left for 
the reader to refer and obtain them on their own. 

THEOREM 1.2.7: G is a Dedekind group if and only if every fuzzy subgroup of G is 
normal. 

By a Dedekind group we mean a group, which is abelian or Hamiltonian. (A group G 
is Hamiltonian if every subgroup of G is normal) 

THEOREM 1.2.8: Let G be a cyclic group of prime order. Then there exists a fuzzy 
subgroup A of G such that A(e) = t 0 and A (x) = ti for all x ^e in G and t 0 > ti. 

THEOREM 1.2.9: Let G be a finite group of order n and A be a fuzzy subgroup of G. 
Let Im (A) = {, t, / A (x) = I for some x e G}. Then { A t } are the only level subgroups of 

A. 

Now we give more properties about fuzzy subgroups of a cyclic group. 

THEOREM [16]: Let G be a group of prime power order. Then G is cyclic if and only 
if there exists a fuzzy subgroup A of G such that for x, y e G, 

i. if A(x) = A(y) then (x) = (y). 

ii. if A (x) >A(y) then (x) cz (y). 

THEOREM [16]: Let G be a group of square free order. Let A be a normal fuzzy 
subgroup of G. Then for x, y e G, 

i. if o(x) / o (y) then A (y) <A(x). 

ii. if o(x) = o (y) then A (y) = A(x). 

THEOREM [16]: Let G be a group of order pi, pj, ... , p, where the p, ’s are primes but 
not necessarily distinct. Then G is solvable if and only if there exists a fuzzy subgroup 
A of G such that A t ,A t/ ,...,A t are the only level subgroups of A, Im (A) = {to, tu ... , 

t r }, to >ti > ... >t r and the level subgroups form a composition chain. 

Theorem [16]: Suppose that G is a finite group and that G has a composition chain 
(e) = Ao czAi a ...c^A r = G where A, / d,_/ is cyclic of prime order, i =1, 2, ... , r. 
Then there exists a composition chain of level subgroups of some fuzzy subgroup A of 
G and this composition chain is equivalent to (e) = Ao ^A / a ... <^A r = G. 

The proof of these results can be had from [16]. 
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Definition [98] : Let X and p be two fuzzy subgroups of a group G. Then X and p are 
said to be conjugate fuzzy subgroups of G if for some g e G, X(x) = p (g xg) for 
every x e G. 

Theorem [139]: If X and p are conjugate fuzzy subgroups of the group G then o(X) 
= o(p). 

Proof: Refer [139] for proof. 

Mukherjee and Bhattacharya [98] introduced fuzzy right coset and fuzzy left coset of 
a group G. Here we introduce the notion of fuzzy middle coset of a group G mainly to 
prove that o(a (I Of 1 ) = o (|l) for any fuzzy subgroup [l of the group G and a e G. 



Definition 1.2.8: Let pbe a fuzzy subgroup of a group G. Then for any a, b e G a 
fuzzy middle coset a p b of the group G is defined by (a p b) (x) = p (a x ZTy for 
every x e G. 



The following example from [139] is interesting which explains the notion of fuzzy 
middle coset. 



Example 1.2.1: Let G = {1, —1, i, — i} be the group, with respect to the usual 
multiplication. 

Define (i: G — > [0, 1] by 



H(x) = i 



\ 

0.5 

0 



if x = l 
if x = -1 
if x =i,-i. 



Clearly (I is a fuzzy subgroup of the group G. A fuzzy middle coset a |i b is calculated 
and given by 



(a[ib)(x) = \ 



0 

0.5 

1 



if x = 1,-1 
if x = -i 
if x = i 



for all a = -1 and b = - i. 



Example 1.2.2: Consider the infinite group Z = {0, 1, -1, 2, -2, ...} with respect to 
usual addition. Clearly 2Z is a proper subgroup of Z. 



Define |_t: Z — > [0, 1] by 



[l(x) = 



JO. 9 
[0.8 



if x e 2Z 
if xe 2Z + 1. 
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It is easy to verify that p is a fuzzy subgroup of the group Z. For any a e 2Z and b e 
2Z + 1 the fuzzy middle coset a p b is given by 



(apb)(x) = 



0.8 

0.9 



if xe 2Z 
if xe 2Z + 1. 



Hence it can be verified that this fuzzy middle coset apb in not a fuzzy subgroup of Z. 
We have the following theorem. 

THEOREM 1.2.10: If pis a fuzzy subgroup of a group G then for any a e G the fuzzy 
middle coset a/J a~ ! of the group G is also a fuzzy subgroup of the group G. 

Proof: Refer [137]. 

THEOREM 1.2.11: Let // be any fuzzy subgroup of a group G and a // a~ j be a fuzzy 
middle coset of the group G then o (a jU a 1 ) = o(fl) for any a e G. 

Proof: Let p be a fuzzy subgroup of a group G and a e G. By Theorem 1.2.10 the 
fuzzy middle coset apa 1 is a fuzzy subgroup of the group G. Further by the definition 
of a fuzzy middle coset of the group G we have (a p a -1 ) (x) = p (a 'xa) for every x e 
G. Hence for any a e G, p and apa 'are conjugate fuzzy subgroups of the group G as 
there exists a e G such that (apa 1 )(x) = p(a 'xa) for every x e G. By using earlier 
theorems which states o(apa') = o(p) for any a e G. 

For the sake of simplicity and better understanding we give the following example. 

Example 1.2.3: Let G = S3 the symmetric group of degree 3 and pi, P2, P3 e [0, 1] 
such that pi > p 2 > p3. 

Define p : G — > [0, 1] by 



P(x) : 



Pi 

P2 

P3 



if x = e 
if x = (12) 
otherwise. 



Clearly p is a fuzzy subgroup of a group G and o(p) = number of elements of the set 
{x £ G | p (x) = p(e)} = number of elements of the set {e} = 1. Now we can evaluate 
a p a -1 for every ae Gas follows: 

For a = e we have a p a -1 = p. Hence 0 (a p a -1 ) = 0 (p) = 1. 

For a = ( 12) we have 
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p, if x = e 

(apa -1 ) (x) = < p 2 if x = (12) 

p 3 otherwise. 

Hence o(apa -1 ) = 1. For the values of a = (13) and (132) we have apa -1 to be equal 
which is given by 

Pj if x = e 

(apa -1 ) (x) = < p 2 ifx=(23) 

p 3 otherwise. 

Hence o(apa -1 ) = 1 for a = (13) and (132). Now for a = (23) and a = (123) we have 
apa -1 to be equal which is given by 

p, if x = e 

(apa -1 ) (x) = < p 2 ifx = (13) 

p 3 otherwise. 

Thus o(apa -1 ) = 1. Hence o(apa -1 ) = o (p) = 1 for any ae G. 

From this example we see the functions p and apa 1 are not equal for some a e G. 
Thus it is interesting to note that if p is fuzzy subgroup of an abelian group G then the 
functions p and apa -1 are equal for any a e G. However it is important and interesting 
to note that the converse of the statement is not true. That is if apa 1 = p for any ae G 
can hold good even if G is not abelian. This is evident from the following example. 

Example 1.2.4: Let G = S3 be the symmetric group of degree 3 and pi, P2, P3 e [0, 1] 
be such that pi > p 2 > P3. 

Define p: G — > [0, 1] by 

Pj ifx = e 

p(x) = <p 2 if x = (123) and x = (132) 
p 3 otherwise. 

Clearly p is a fuzzy subgroup of G. For any ae G the fuzzy subgroup (apa -1 ) is given 
by 

Pj if x = e 

(apa -1 ) (x) = < p 2 if x = (123) or x = (132) 

p 3 otherwise. 

Thus we have (apa -1 )(x) = p(x) for every xeG. Hence apa -1 = p for any aeG. Thus 
the functions apa -1 and p are identical but G is not an abelian group. It is worthwhile 
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to note that in general o(a|i) is not defined since a|i is not a fuzzy subgroup of the 
group G. The reader is advised to construct an example to prove the above claim. 

Theorem 1.2.12: Let p be a fuzzy subgroup of a finite group G then o (p) \ o(G). 

Proof: Let |i be a fuzzy subgroup of a finite group with e as its identity element. 
Clearly H = {x e G | |l (x) = |i (e)} is a subgroup of the group G for H is a t- level 

subset of the group G where t = |i (e). By Lagranges Theorem o(H) | o(G). Hence by 
the definition of the order of the fuzzy subgroup of the group G we have o (|l) | o(G). 

The following theorem is left as an exercise for the reader to prove. 

Theorem 1.2.13: Let A and p be any two improper fuzzy subgroups of a group G. 
Then A and p are conjugate fuzzy subgroups of the group G if and only if A = p. 

Definition 1.2.9: Let A and p be two fuzzy subsets of a group G. We say that A and p 
are conjugate fuzzy subsets of the group G if for some g e G we have A(x) = p (g xg) 
for every x e G. 

We now give a relation about conjugate fuzzy subsets of a group G. 

Theorem 1.2.14: Let A and p be two fuzzy subsets of an abelian group G. Then A 
and p are conjugate fuzzy subsets of the group G if and only if A = p . 

Proof: Let X and |i be conjugate fuzzy subsets of group G then for some ge Gwe 
have 



X(x) = (l (g 1 xg) for every xeG 

= (l (g 1 gx) for every xeG 

= |l(x) for every xeG. 

Hence X = |i. 

Conversely if X = |l then for the identity element e of group G, we have X(x) = 
|i(e 'xc) for every xeG. Hence X and |i are conjugate fuzzy subsets of the group G. 

The reader is requested to prove the following theorem as a matter of routine. 

THEOREM 1.2.15: Let Abe a fuzzy subgroup of a group G and p be a fuzzy subset of 
the group G. If A and p. are conjugate fuzzy subsets of the group G then p, is a fuzzy 
subgroup of the group G. 

The reader is requested verify if X , |i : S 3 — > [0, 1] as 
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and 



M*) = 



0.5 

<0.4 

0.3 



if x = e 

if x = (123) & x = (132) 
otherwise 



(l.(x) 



0.6 if x = e 
<0.5 if x = (23) 
0.3 otherwise 



where e is the identity element of S 3 , to prove L and (I. are not conjugate fuzzy subsets 
of the group S 3 . 

Now we proceed on to recall the notions of conjugate fuzzy relations of a group and 
the generalized conjugate fuzzy relations on a group. 

Definition 1.2.10: Let Ra and R u be any two fuzzy relations on a group G. Then Ra 
and R L , are said to be conjugate fuzzy relations on a group G if there exists (gj, gf) € 
G xG such that Ra (x, y) = R fl =( gj 1 xg 1 , gj 1 yg 2 ) for every (x, y) e G xG. 

Definition 1.2.11: Let Ra and R u be any two fuzzy relation on a group G. Then Ra 
and R u are said to be generalized conjugate fuzzy relations on the group G if there 
exists g e G such that R a (x, y) — R m (g 'xg, g l yg) for every (x, y) e G xG. 

Theorem 1.2.16: Let Ra and R a be any two fuzzy relations on a group G. If Ra and 
R l , are generalized conjugate fuzzy relations on the group G then Ra and R u are 
conjugate fuzzy relations on the group G. 

Proof: Let R>. and R u be generalized conjugate fuzzy relations on the group G. Then 
there exists ge G such that R>, (x, y) = R M (g 'xg, g 'yg) for every (x, y) e G xG. 
Now choose gi = g 2 = g. Then for (gi, g 2 ) e G x G we have Ra (x, y) = 
R +i (g7 1 xg 1 ,g2 1 yg 2 ) for every (x, y) e G x G. Thus R>. and R M are conjugate fuzzy 
relations on the group G. 

The reader can prove that the converse of the above theorem in general is not true. 

THEOREM 1.2.17: Let p be a fuzzy normal subgroup of a group G. Then for any g e 
G we have // (gxg 1 ) = f l (g 'xg) for every x e G. 

Proof: Straightforward and hence left for the reader to prove. 

Theorem 1.2.18: Let A and //. be conjugate fuzzy subgroups of a group G. Then 

i. Ax p, and p x A are conjugate fuzzy relations on the group G and 

ii. A x p. and p x A are generalized conjugate fuzzy relations on the group G 
only when at least one of A or pis a fuzzy normal subgroup of G. 
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Proof: The proof can be obtained as a matter of routine. The interested reader can 
refer [139]. 

Now we obtain a condition for a fuzzy relation to be a similarity relation on G. 

THEOREM 1.2.19: Let R;_ be a similarity relation on a group G and R u be a fuzzy 
relation on the group G. IfRx and R u are generalized conjugate fuzzy relations on the 
group G then R u is a similarity relation on the group G. 

Proof Refer [139]. 

Now we define some properties on fuzzy symmetric groups. 

Definition [55]: Let S„ denote the symmetric group on {1, 2, n}. Then we have 

the following: 

i. Let F (S n ) denote the set of all fuzzy subgroups of S„. 

ii. Letf e F (S„) then Im f= (f(x) \ x e S„}. 

iii. Let f g e F (S„). If\Im (f)\ < \Im (g)\ then we write f < g. By this rule we 
define max F (S n ). 

iv. Let fbe a fuzzy subgroup of S„. Iff = max F (S„) then we say that f is a fuzzy 
symmetric subgroup of S„. 

Theorem 1.2.20: Let f be a fuzzy symmetric subgroup of the symmetric group S 3 
then o(Im f) = 3. 

Proof: Please refer [139]. 

Here we introduce a new concept called co fuzzy symmetric group which is a 
generalization of the fuzzy symmetric group. 

Definition [139]: Let G (S n ) = { g / g is a fuzzy subgroup of S n and g (C (FI)) is a 
constant for every IJeS,,} where C (FT) is the conjugacy class of S n containing IT, 
which denotes the set of all y e S n such that y = x Tlx 1 for x e S n . If g = max G(S n ) 
then we call g as co-fuzzy symmetric subgroup of S n . 

For better understanding of the definition we illustrate it by the following example. 
Example 1.2.5: Let G = S 3 be the symmetric group of degree 3. 



Define g: G — > [0 1] as follows: 



g(x) = 



1 

< 0.5 
0 



if x = e 

if x = (123), (132) 
otherwise 
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where e is the identity element of S3. It can be easily verified that all level subsets of g 
are {e} {e, (123), (132)} and S3. All these level subsets are subgroups of S3, hence g 
is a fuzzy subgroup of S3. Further g (C(II)) is constant for every lie S3 and 0 (Im (g)) 
> 0 (Im g (|i)) for every subgroup |i of the symmetric groupS3. Hence g is a co-fuzzy 
symmetric subgroup of S3. 

Now we proceed on to prove the following theorem using results of [55]. 

Theorem 1.2.21: 



i. If g is a co-fuzzy symmetric subgroup of the symmetric group S 3 then 
°(Im(g)) = 3. 

ii. If g is a co-fuzzy symmetric subgroup of S 4 then o (Im (g)) = 4 and 

iii. If g is a co-fuzzy symmetric subgroup of S n (n >5) then o (Im (g)J = 3. 

Proof. The proof follows verbatim from [55] when the definition of fuzzy symmetric 
group is replaced by the co-fuzzy symmetric group. 

Theorem 1.2.22: Every co fuzzy symmetric subgroup of a symmetric group S n is a 
fuzzy symmetric subgroup of the symmetric group S n . 

Proof: Follows from the very definitions of fuzzy symmetric subgroup and co fuzzy 
symmetric subgroup. 

Theorem 1.2.23: Eveiy fuzzy symmetric subgroup of a symmetric group S n need not 
in general be a co-fuzzy symmetric subgroup of S n . 



Proof: By an example. Choose pi, P2, P3 e [0, 1] such that 1 > pi > p 2 > P3 > 0. 
Define f : S 3 -> [0 1] by 



f(x) = 



p t if x = e 
<p 2 if x = (12) 



( p 3 otherwise 



It can be easily checked that f is a fuzzy subgroup of S3 as all the level subsets of f are 
subgroups of S3. Further o(Im (f)) = 3 > o(Im (|i)) for every fuzzy subgroup |i of the 
symmetric group S3. Hence f is a fuzzy symmetric subgroup of S3 but f(12) ^ f(13) in 
this example. By the definition of co fuzzy symmetric subgroup it is clear that f is not 
a co fuzzy symmetric subgroup of S3. Hence the claim. 

Now we proceed on to recall yet a new notion called pseudo fuzzy cosets and pseudo 
fuzzy double cosets of a fuzzy subset or a fuzzy subgroup. [98] has defined fuzzy 
coset as follows: 



Definition [98]: Let p be a fuzzy subgroup of a group G. For any a e G, a p defined 
by (a p) (x) = p(a~ x) for every x e G is called a fuzzy coset of p. 
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One of the major marked difference between the cosets in fuzzy subgroup and a group 
is "any two fuzzy cosets of a fuzzy subgroup p of a group G are either identical or 
disjoint" is not true. 

This is established by the following example: 



Example 1.2.6: Let G = { ±1, ± i }be the group with respect to multiplication. 



Define jll: G — > [0, 1] as follows: 



M-(x) 



1 

2 

1 

1 

.4 



if x = -l 
if x=l 



if x = i, - i 



The fuzzy cosets ip and - ip of p are calculated as follows: 



and 



i|l(x) 



if x = 1, - 1 
if x = i 
if x = - i 



(-i[i) (x) 



— if x = 1, - 1 
4 

< 1 if x =-i 



- ifx = i 

[2 



It is easy to see that these fuzzy cosets ip and -ip are neither identical nor disjoint. 
For (ip)(i) ^ (-ip) (i) implies ip and -ip are not identical and (ip)(l) = (— ip)( 1) 
implies ip and -ip are not disjoint. Hence the claim. 



Now we proceed on to recall the notion of pseudo fuzzy coset. 



Definition 1.2.12: Let p be a fuzzy subgroup of a group G and a e G. Then the 
pseudo fuzzy coset (apf is defined by ((ap) ) (x) = p(a) p (x) for every x e G and for 
some p € P. 

Example 1.2. 7: Let G = { 1, CO, CO 2 } be a group with respect to multiplication, where CO 
denotes the cube root of unity. Define p: G — > [0, 1] by 



p(x) = 



0.6 

0.4 



if x = l 
if x = co, co 2 
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It is easily checked the pseudo fuzzy coset (a|i) P for p(x) = 0.2 for every x e G to be 
equal to 0. 12 if x = 1 and 0.08 if x = to, ca 2 . 

We define positive fuzzy subgroup. 

Definition 1.2.13: A fuzzy subgroup p of a group G is said to be a positive fuzzy 
subgroup of Gif p is a positive fuzzy subset of the group G. 

Theorem 1.2.24: Let p be a positive fuzzy subgroup of a group G then any two 
pseudo fuzzy cosets of p are either identical or disjoint. 

Proof: Refer [137]. As the proof is lengthy and as the main motivation of the book is 
to introduce Smarandache fuzzy concepts we expect the reader to be well versed in 
fuzzy algebra, we request the reader to supply the proof. 

Now we prove the following interesting theorem. 

THEOREM 1.2.25: Let pbe a fuzzy subgroup of a group G then the pseudo fuzzy coset 
(apfis a fuzzy subgroup of the group Gfor every a e G. 

Proof: Let |i be a fuzzy subgroup of a group G. For every x, y in G we have 

(a[i) P (xy _1 ) = p(a) (I (xy _1 ) 

> p(a) min {(i(x), |l(y)} 

min {p(a) |l(x), p(a), |l(y)} 
min {(a(i) p (x), (a(i) p (y)}. 

That is (aji) p (xy _1 ) > min {(a|i) p (x), (a|i) p (y) } for every x,ye G. This proves that 
(aji) p is a fuzzy subgroup of the group G. We illustrate this by the following example: 

Example 1.2.8: Let G be the Klein four group. Then G = {e, a, b, ab} where a = e = 

2 

b", ab = ba and e the identity element of G. 



Define (i: G — > [0, 1] as follows 



(l(x) = 



1 

2 

1 

1 

4 



if x = a 



if x = e 



if x = b, ab 



Take the positive fuzzy subset p as follows: 
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p(x) = 



1 if x = e 
1 



2 

1 

3 

1 

14 



if x = a 
if x = b 
if x = ab 



Now we calculate the pseudo fuzzy cosets of p. For the identity element e of the 
group G we have (ep) p = p . 



and 



(ap) (x) = 



(bp) (x) 



2 

J_ 

4 

]_ 

8 

1 

3 

1 

6 

1 

12 



if x = e 
if x = a 
if x = b, ab 

if x = e 
if x = a 
if x = b, ab 



((ab) p) P ) (x) 



1 
4 
1 
8 

— if x = b, ab 
16 



— if x = e 



— if x = a 



It is easy to check that all the above pseudo fuzzy cosets of p are fuzzy subgroups of 
G. As there is no book on fuzzy algebraic theory dealing with all these concepts we 
have felt it essential to give proofs and examples atleast in few cases. 

Theorem 1.2.26: Let jibe a fuzzy subgroup of a finite group G and t e [0, 1] then 
°( G (an)r) - °( G 'u) = °( a G 'u ) for any a e G. 

Proof The proof is left as an exercise for the reader to prove. 

THEOREM 1.2.27: A fuzzy subgroup fl of a group G is normalized if and only if p (e) 
= 1, where e is the identity element of the group G. 
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Proof: If p is nonnalized then there exists x e G such that p(x) = 1 , but by properties 
of a fuzzy subgroup p of the group G, p(x) < p(e) for every xeG. Since p(x) = 1 and 
p(e) > p(x) we have p(e) >1. But p(e) < 1. Hence p(e) = 1. Conversely if p(e) = 1 
then by the very definition of normalized fuzzy subset p is normalized. 

The proof of the following theorem is left as an exercise for the reader, which can be 
proved as a matter of routine. The only notion which we use in the theorem is the 
notion of pre class of a fuzzy binary relation R M . Let p be a fuzzy subgroup of a group 
G. Now we know that a fuzzy subset p of a set X is said to be a pre class of a fuzzy 
binary relation R M on the set X if min {p (x), p (y)} < R M (x, y) for every x, ye X. 

THEOREM 1.2.28: Let fl be a fuzzy subgroup of a group G and R u : G xG —> [0 1] be 
given by R u (x, y) = ft (xy~ ) for every x, y e G. Then 

i. R u is a similarity relation on the group G only when ft is normalized and 

ii. ft is a pre class of R u and in general the pseudo fuzzy coset (a flf is a pre 
class of Rufor any a e G. 

Definition 1.2.14: Let ft be a fuzzy subset of a non-empty set X and a e X . We define 
the pseudo fuzzy coset (a flf for some p eP by (a flf (x) = p(a) fl(x) for every x e X . 

Example 1.2.9: Let X = {1, 2, 3, ..., n} and p: X — >[0, 1] is defined by p(x) = — for 

x 

every x e X. Then the pseudo fuzzy coset (ap) P : X — > [0, 1] is computed in the 

I ^ 

following manner by taking p(x) = — for every x e X; (ap) P (x) = — - for every x 



Theorem 1.2.29: Let X and fi be any two fuzzy subsets of a set X. Then for a e X 
(a flf cz (a A) p if and only if fl cz A. 

Proof: Left as an exercise for the reader. 

Now we proceed on to define the fuzzy partition of a fuzzy subset. 

Definition 1.2.15: Let fibe a fuzzy subset of a setX. Then X= {A: A is a fuzzy subset 
of a setX and A cz fi} is said to be a fuzzy partition of fl if 

i. \fA = fl and 

Ae£ 

ii. any two members of Pare either identical or disjoint 
However we illustrate by an example. 
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Example 1.2.10: Let X = N be the set of all natural numbers and |i be defined by |i(x) 

= — for every x e X. Now consider the collection of fuzzy subsets of X which is 
x 

given by where |ijs are such that (ii (x) = (1 - -)— for every xeX. 

i x 



For x g X we have 



( - > 


(x) = sup \ 


b-f 


i j _ i " 


Ui J 


{ 


V U 


xj X f 



as — X 0, i — > < 
i 



= H(x). 



Flence 



for every x e X. That is 



f o= x 

Ik 

V i=l J 



r 



v 



l>. 



i=l 



= (I. 



If i -t j then it is easy to verify that 



r 0 


1 


f 




i — 


— * 


1- 




V V 


X 


V 


j J 



for every x e X. This proves |i,(x) ^ p,(x) for every x e X. Hence |i[ and |i, are 
disjoint. 

Hence {pj”, is a fuzzy partition of p. 

The following theorem is left for the reader, however the proof can be found in [89]. 
Theorem 1.2.30: Let jube a positive fuzzy subset of a setX then 

i. any two pseudo fuzzy cosets of p are either identical or disjoint. 

ii. U {(ap) F )=p, 

peP 

Hi. U ((aju/) e U (7 a/Ll f ) and the equality holds good if and only if p is 

aeX peP 

normal, 

iv. The collection {(aju) p |oe x}z's a fuzzy partition of p if and only if p is 
normal. 

The following theorem is yet another piece of result on pre class 
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Theorem 1.2.31: Let pbe a fuzzy subgroup of a group G and R u ■' G xG —>[0, 1] be 
given by R M (x, y) = jU (xy~ ) for every x, y e G. If X is a fuzzy subset of the group G 
such that X c: p then (aXf is pre class of Rufor any a e G . 

Proof: Let (I be a fuzzy subgroup of a group G,ae G and X be a fuzzy subset of the 
group G such that lc|i. 

For x, y e G we have 

min {((aX) p )(x), ((aX) p )y\ = min { p(a) X(x), p(a) My)} 

< min {p(a) p(x), p(a) |i(y)} (since X c (i.) 

P(a) min (p(x), p(y)} 

< 1 • |l (xy _1 ) (since p(a) < 1) 

R-n (x, y). 

That is min {((aX) p )(x), ((aX) p )y) < R M (x, y) for every x, ye G. Hence (a L) 1 ’ is a pre 
class of for any ae G. 

Now we proceed on to define the notion of pseudo fuzzy double cosets. 

Definition 1.2.16: Let // and X be any two fuzzy subsets of a set X and p e P. The 
pseudo fuzzy double coset (pxXf is defined by (fU xXf = (xpf n (xX) P for x € X. 

We illustrate this concept by the following example: 

Example 1.2.11: Let X = {1, 2, 3} be a set. Take X and |i to be any two fuzzy subsets 
of X given by X (1) = 0.2, X(2) = 0.8, ?e(3) = 0.4. (0.(1) = 0.5 (0.(2) = 0.6 and |0 (3) = 0.7. 
Then for a positive fuzzy subset p such that p(l) = p(2) = p(3) = 0.1, we calculate the 
pseudo fuzzy double coset (jo x L) 1 ’ and this is given below. 

0.02 if y = 1 
(|OxX) p (y) = < 0.06 if y = 2 
0.04 if y = 3 

The following theorem is left to the reader as the proof can be obtained by a routine 
calculation. 

Theorem 1.2.32: Let X and // be any two positive fuzzy subsets of a set X and p e P. 
The set of all pseudo fuzzy double cosets {(juxX) p \ x e X} is a fuzzy partition of (p n 
X) if and only if p is normal. 

It can be easily verified that the intersection of any two similarity relations on a set X 
is a similarity relation on the set X and on the contrary the union of similarity 
relations and composition of similarity relations need not in general be similarity 
relations. 

The following theorem is left as an exercise for the reader to prove. 
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Theorem 1.2.33: Let A and p be any two fuzzy subgroups of a group G and 
RftnA ■' GxG [0,1 ] be given by n x (x, y) - (ju n A) (xy~ l ) for every x, y e G. 

Then 

i. R u: A is a similarity relation on the group G only when both p and A are 
normalized. 

ii. (px Ay is a pre class of R u; A for any x e G where p e P. 

Consequent of this theorem one can easily prove the following theorem: 

Theorem 1.2.34: Let p and A be any two fuzzy subgroups of a group G and 
Runx • GxG -» [ 0, 1] be given by R unX (x, y) = (p n A) (xf'jfor every x, y e G. If 

tj is any fuzzy subset of the group G such that t) c: p n A then r) is a pre class of 

We will show by the following example that R u; ^ is not a similarity relation on the 
group G. 

Example 1.2.12: Let G = {1, G), or} be the group with respect to the usual 
multiplication, where 0) denotes the cube root of unity. 

Define A, (i: G — > [0, 1] by 



and 





1 


if x = l 


(l(x) = < 


0.6 


X 

ll 

S 




0.5 


if x = CO 2 





0.5 


if x = l 


(l(x) = < 


0.4 


X 

ll 

S 




0.3 


if x = CO 2 



It can be found that for every xeG. R [in?t (x, x) = (p, n X) (xx = (p, n A) (1) = 0.5. 
Hence R MO> is not reflexive and hence R MO> is not a similarity relation on the group 
G. 

In this section we study the concept of fuzzy subgroup using the definition of [70]. 

Definition [70]: Let G be a group and e denote the identity element of the group G. 
A fuzzy subset p of the group G is called a fuzzy subgroup of group G if 

i. p(xy~ ) >rnin (p(x), p(y)} for every x, y e G and 

ii. p(e) = 1. 
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Using the results of [70] we give some of the classical results. 

Definition [70]: Let p be a fuzzy normal subgroup of a group G and p, be a t-level 
congruence relation of p on G. Let A be a non-empty subset of the group G. The 
congruence class of p, containing the element x of the group G is denoted by [x] u . 

The set p t ( A) = {x e G / [x] u czA j and p,(A) = {x £ G / [x] u nA^=<p} are called 
respectively the lower and upper approximations of the set A with respect to p, . 

We give some simple proofs to the results of [70] using the notions of t-level relation 
and the coset. 

Theorem (Existence Theorem): Let p be a fuzzy subgroup of a group G. The 
congruence class [x] u of p, containing the element x of the group G exist only when p 
is a fuzzy normal subgroup of the group G. 

Proof. Let (t be a fuzzy subgroup of a group G. [70] has proved that if p is a fuzzy 
normal subgroup of a group G then the t-level relation p t of p is a congruence relation 
on the group G and hence the congruence class [x] u of p t containing the element x of 
the group G exist. 

Now we prove that for the existence of the congruence class [x] u we must have the 
fuzzy subgroup p of the group G to be fuzzy normal subgroup of group G. That is if p 
is not a fuzzy normal subgroup of the group G then the congruence class [x] M of p t 
containing the element x of the group G does not exist. 

To prove this, consider the alternating group A 4 . 

Choose pi, P 2 , P 3 e [0, 1] such that 1 > pi > P 2 > P 3 ^ 0. 

Define p : A 4 — > [0, 1] by 

1 if x = e 
Pl if x = (12) (34) 
p 2 if x = (14) (23), (13) (24) 
p 3 otherwise 

where e is the identity element of A 4 . 

The t-level subsets of p are given by {e}, {e, (1 2) (3 4)}, {e, (1 2) (3 4), (1 3) (2 4), 
(1 4) (2 3)} and A 4 . All these t-level subsets are subgroups of the alternating group 
A 4 . Hence p is a fuzzy subgroup of the alternating group A 4 . For x = (123) and y = 
(143), p(xy) = p((123) (143)) = p ((1 2) (3 4)) = Pl and p(yx) = p ((1 4 3) (1 2 3)) = 
p((l 4)(2 3)) = p 2 . As pi > P 2 , p (xy) ^ p(yx) for x = (1 2 3) and y = (1 4 3). Hence p 
is not a fuzzy normal subgroup of A 4 . Let x = (1 4) (2 3) and y = (1 3) (2 4) then for t 
= Pi,P(xy" 1 ) = Pi =t. 
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Thus by the definition of t-level relation of (I we have (x, y) e |i t . Further we note that 
for a = (1 2 3), (I ((ax)(ay)^ 1 ) = pi < pi- So by the definition of t-level relation of (I we 
have (ax, ay) <t |i t for t = pi and a = (1 2 3). Hence it follows that (i t is not a 
congruence relation on the alternating group A 4 . So by the definition of congruence 
class, [x] M does not exist. That is if |i is not a fuzzy normal subgroup of the group G 
then the congruence class [x ] L1 of |i t containing the element x of the group G does not 
exist. 

The following theorem is left as an exercise for the reader to prove. 

THEOREM 1.2.35: Let fj.be a fuzzy normal subgroup of a group G and t e [0, 1], 
Then for every x € G, [x] u = x G' u and G l u is a normal subgroup of the group G. 

This theorem is however illustrated by the following example: 

1 2 2 2 

Example 1.2.13: Consider the Klein four group G = {a, b | a" = b" = (ab)' = e} where 
e is the identity element of G. 

Define (I : G — > [0, 1] by 



fi(x) = f 



1 

0.6 

0.2 



if x = e 
if x = a 
if x =b,ab 



Clearly all the t-level subsets of |i are normal subgroups of the group G. So ji is a 
fuzzy normal subgroup of the group G. For t = 0.5 we calculate the following 

[x]n = (e, a} for all values of x = e and x = a 
[x]n = (b, ab} for all values of x = b and x = ab 

xGj, = {e, a } for values of x = e and x = a and 

xGj = {b, a b} for the values of x = b and x = ab. This verifies that [x]^ = xG|, for 
every xeG. 

The following result is also left for the reader to prove. 

THEOREM 1.2.36: Let ft be a fuzzy normal subgroup of a group G, t e [0, 1] and A be 
a non-empty subset of the group G. Then 

i. pfA) = G' m (A) 

ii. <u t (A) = G , /A) 

where G' u is a normal subgroup of the group G. 
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Proof: The proof of the following theorem is left for the reader as an exercise. 

THEOREM 1.2.37: Let p and A be fuzzy normal subgroups of a group G and t g [0, 1], 
Let A and B be non-empty subsets of the group G. Then 

i. pfA)^A^pfA) 

ii. ju t (AuB)= p t (A)up t (B) 

iii. AnB *</>=> jU t (AnB) = pfA)n ju t (B) 

iv. AnB^> ju t (A)ju t (B ) 

v. AqB^> {if A)u jufB) 

vi. p t (AuB)^p t (A j u/i ( (B ) 

vii. AnB *0 , {if AnB) a {if A)npfB) 

viii. fi t c A t => {if A ) e Xf A ) 

Now we prove the following theorem: 

THEOREM 1.2.38: Let jube a fuzzy normal subgroup of a group G and t e [0, 1], If A 
and B are non-empty subsets of the group G then {if A ){lf B ) = juf AB ) . 

Proof: Let (I be a fuzzy normal subgroup of a group G and t e [0, 1]. Let A and B be 
any two non-empty subsets of the group G, then AB = {ab | a e A and be B} is a 
non-empty subset of the group G. We have 

At(AB) = G‘(AB) 

G‘(A)G^(B) 

|l t (A)£ t (B) 

Hence |l t (A)|l t (B) = |l t (AB) . 

THEOREM 1.2.39: Let jube a fuzzy normal subgroup of a group G and t e [0, 1], If A 
and B are non-empty subsets of the group G then pf A) pfB)npf AB ). 

Proof: Let (I be a fuzzy normal subgroup of a group G, t e [0, 1] and A and B by any 
two non-empty subsets of the group G. Then AB is non-empty as A and B are non- 
empty. 

Consider 

My (A) M B ) = G;(A)G;(B) eG; (AB)= ^(AB) . 

Hence pf A ) pfB) c pfAB ) . 

The following theorem is left for the reader to prove. 
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THEOREM 1 . 2 . 40 : Let p and A be fuzzy normal subgroups of a group G and t e [0, 
1], If A is a non-empty subset of the group G then 

i. (pnA\(A) = p t ( A) n A t ( A) 

ii. {ju n X), (A ) = ju t (A JnAfAJ . 

THEOREM 1 . 2 . 41 : Let jube a fuzzy normal subgroup of a group G and t e [0, 1]. If A 
is a subgroup of the group G then ft, ( A ) is a subgroup of the group G. 

Proof: Let |i be a fuzzy normal subgroup of a group G and te [0, 1], Then Gj is a 
normal subgroup of a group G. A is a G|, rough subgroup of the group G. By the 
definition of rough subgroup, we have G|, (A) to be a subgroup of the group G. If |i 
is a fuzzy normal subgroup of a group G, t e [0, 1] and A is a non-empty subset of the 
group G then |i t (A) = G* (A) we have |l t (A) to be a subgroup of the group G. 

Now we just recall some fuzzy relation and also the condition for the composition of 
two fuzzy subgroups to be a fuzzy subgroup. 

Definition 1 . 2 . 17 : Let p be a fuzzy relation on S and let <7 be a fuzzy subset of S. 
Then p is called a fuzzy relation on a if p(x, y)< min ( o(x ), o(y )) for all x, ye S 

For any two fuzzy subsets (7 and p of S; the cartesian product of p and <7 is defined by 
(p x a) (x, y) = min (p (x), <7(y)) for all x, y € S. 

Let <7 be a fuzzy subset of S. Then the strongest fuzzy relation on <7 is p a defined by 
Pa(x,y) = (7xo) (x, y) = min (o(x), o(y)) for all x, y, e S. 

The following theorem can be easily verified. 

Theorem 1 . 2 . 42 : Let p and obe fuzzy subsets of S. Then 

i. p x ois a fuzzy relation on S. 

ii. (p x o) , = p t x o, for all t e [0, 1J. 

The natural question would be when we have the strongest fuzzy relation can we ever 
have the weakest fuzzy subset of S; the answer is yes and it is defined as follows: 

If p is a fuzzy relation on S, then the weakest fuzzy subset of S on which p is a fuzzy 
relation is o u , defined by 

<5u (x) = SUp { max (p(x, y), p(y, x)} 

yeS 



for all x € S. We define for any two fuzzy subset p and oof G. p ooas 
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(ju o <j)(x) = sup {min (p(y), a(z)}, 

x=yz 



for all x £ G. 

Definition [86]: A system of fuzzy singletons j (x,) t ,-••,( x k ) t } where 0 < ti < A (xj) 

for i = 1, 2, k is said to be linearly independent in A if and only if 
ni(xj) t H 1 -n k (x k ), =0, implies njXi = ...= rikXk = 0, where tij £ Z, i =1, 2, ..., k 

and t e (0, 1], A system of fuzzy singletons is called dependent if it is not independent. 
An arbitrary system g of fuzzy singleton is independent in A if and only if every finite 
sub-system of f is independent. 

We let g denote a system of fuzzy singletons such that for all x t £ f , 0 <l <A (x). f = 
{x / x, £ g! and g t = A t n cf for all t £ ( 0 , A(0)J. 

Theorem 1.2.43: g is independent in A if and only if the fuzzy subgroup of G 
generated by f in A is a fuzzy direct sum of fuzzy subgroup of G whose support is 
cycle i.e. for 



£ = l x i l, \° < t, ^ M holds (Q = © {(. x,. f ) . 

Proof: Left for the reader to prove as an exercise. 

Now in the next section we introduce the concept of fuzzy bigroup which is very new 
and an interesting one. 



1.3 Fuzzy sub-bigroup of a group 

In this section we define fuzzy sub-bigroup of a bigroup [89, 135], To define the 
notion of fuzzy sub-bigroup of a bigroup we define a new notion called the fuzzy 
union of any two fuzzy subsets of two distinct sets. 

Definition [89, 135]: Let /// be a fuzzy subset of a set Xj and //? be a fuzzy subset of 
a setX 2 , then the fuzzy union of the fuzzy sets pti and /Lb is defined as a function. 

jUi u fa: X i UX 2 —>[0, 1] given by 



(jLh U/I2) (X) = 



max ( p f x ), pfx)) 
< pfx) 
p 2 ( x) 



if xel ; nl, 
if x e X, & x £ X 2 
if x e X 2 & x £ X, 



We illustrate this definition by the following example: 



Example 1.3.1: Let Xi = (1, 2, 3, 4, 5} and X 2 = {2, 4, 6, 8, 10} be two sets. 
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Define |Xi: Xi — » [0, 1] by 

1 if x = 1, 2 

|li(x) = <0.6 ifx = 3 

0.2 if x = 4, 5 

and define in: X 2 — » [0, 1] by 

1 if x = 2, 4 

|n(x) = <0.6 if x = 6 

0.2 ifx=8, 10 

It is easy to calculate |li u |n and it is given as follows: 

1 if x = 1, 2, 4 

(|li u |n)(x) = <0.6 if x = 3, 6 

0.2 if x =5, 8,10 

Now we proceed on to define fuzzy sub-bigroup of a bigroup. 

Definition 1.3.1: Let G = (Gj UG 2 , +, *) be a bigroup. Then fi: G —> [0, 1] is said 
to be a fuzzy sub-bigroup of the bigroup G if there exists two fuzzy subsets pi (of Gi) 
and P 2 (of G 2 ) such that 

i. (flu +) is a fuzzy subgroup of (Gi, +) 

ii. (H 2 , *) is a fuzzy subgroup of (G 2 , *) and 
Hi. // = /// u j.h. 

We illustrate this by the following example 

Example 1.3.2: Consider the bigroup G = {±i, ±0, ±1, ±2, ±3, ...} under the binary 
operation ‘+’ and *•’ where Gi = {0, ±1, ±2, ...} and G 2 = {±1, ±i}. 

Define (I : G — > [0, 1] by 

if x =i, -i 
if xe {0, ±2, ±4, ...} 
if xe {±1, ±3,...} 



1 

3 

(l(x) = < 1 
1 
2 



It is easy to verify that (I is a fuzzy sub-bigroup of the bigroup G, for we can find 
|H: Gi -> [0, 1] by 
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and (I 2 : G 2 — > [0, 1] given by 



(ii (x) 



1 

• 1 

2 



if x e {0, ± 2, ± 4, . . .} 
if xe {±1, ±3,...} 



V -2 (x) 



f 

2 

1 

.3 



if x = 1, -1 



if x = i, - i 



That is, there exists two fuzzy subgroups |li of Gi and (I 2 of G 2 such that |i = |i | u |i 2 - 
Now we prove the following theorem. 

THEOREM 1.3.1: Every t-level subset of a fuzzy sub-bigroup p of a bigroup G need 
not in general be a sub-bigroup of the bigroup G. 

Proof: The proof is by an example. Take G = {-1, 0, 1} to be a bigroup under the 
binary operations ‘+’ and where Gi = {0} and G 2 = {-1, 1} are groups respectively 
with respect to usual addition and usual multiplication. 



Define (x: G — > [0, 1] by 




if x = - 1, 1 



if x = 0 



Then clearly (|i, +, •) is a fuzzy sub-bigroup of the bigroup (G, +, •). Now consider 
1 

the level subset G^ of the fuzzy sub-bigroup \x 




jxe G 




(-1, li- 



lt is easy to verily that {-1, 1} is not a sub-bigroup of the bigroup (G, +, •). Hence the 
t-level subset 



G 



t 



f 

for t 



I 

2 . 



of the fuzzy sub-bigroup |i is not a sub-bigroup of the bigroup (G, +, •). 

We define fuzzy sub-bigroup of a bigroup, to define this concept we introduce the 
notion of bilevel subset of a fuzzy sub-bigroup. 
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Definition 1.3.2: Let (G = Gi UG2, +, *) be a bigroup and p = (jUj u 112) be a fuzzy 
sub-bigroup of the bigroup G. The bilevel subset of the fuzzy sub-bigroup p of the 
bigroup G is defined as G‘ u = uGj ft for every t e [ 0 , min /// / (ef, /.h (^2)}], 

where ei denotes the identity element of the group (Gj, +) and 02 denotes the identity 
element of the group (G2, •). 

Remark : The condition t e [ 0 , min {pi (ei), (I2 (62)}] is essential for the bilevel 
subset to be a sub-bigroup for if t £ [0, min {pi (ei), (I2 (e2)}] then the bilevel subset 
need not in general be a sub-bigroup of the bigroup G, which is evident from the 
following example: 



Example 1 . 3 . 3 : Take p as in example 1 . 3.2 then the bi-level subset 



G 



t 

4 



r 

for t = 

v 



4, 



of the fuzzy sub-bigroup p is given by 

G|i = {0, ±2, ±4,...} 



which is not a sub-bigroup of the bigroup G. Therefore the bilevel subset 



G 



t 

n 



r 

for t = 

v 



3 ^ 

4y 



is not a sub-bigroup of the bigroup G. 

THEOREM 1.3.2: Every bilevel subset of a fuzzy sub-bigroup p of a bigroup G is a 
sub-bigroup of the bigroup G. 

Proof: Let p (= pi u P2) be the fuzzy subgroup of a bigroup (G = Gi u G2, +, •). 
Consider the bilevel subset G^ of the fuzzy sub-bigroup p for every t e [ 0 , 
min{pi(ei), P2(e2)}] where ei and e2 denote the identity elements of the groups Gi and 
G2 respectively. Then G‘, = G^, u Gj LI where G[ ( and G^ are subgroups of Gi 

and G2 respectively (since G^ is a t-level subset of the group Gi and G^ is a 
t-level subset of G2). 



Hence by the definition of sub-bigroup G^ is a sub-bigroup of the bigroup (G, +, •). 
However to make the theorem explicit we illustrate by the following example. 

Example 1 . 3 . 4 : G = { 0 , ± 1 , ± i} is a bigroup with respect to addition modulo 2 and 
multiplication. Clearly Gi = ( 0 , 1 } and G2 = {± 1 , ±i} are group with respect to 
addition modulo 2 and multiplication respectively. 

Define p: G — > [ 0 , 1 ] by 
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P (x) H 



1 

0.5 

0.3 



if x = 0 
if x = ±l 
if x = ±i. 



It is easy to verify that p is a fuzzy sub-bigroup of the bigroup G as there exist two 
fuzzy subgroups jj,i: G — > [0, 1] and (I2: G — > [0, 1] such that p = pi u (I2 where 

if x = 0 
if x = l 



if x = ±l 
if x = ± i. 

Now we calculate the bilevel subset G(, for t = 0.5, 

= G U u G 2 h 2 = {xe Gj jpfyx) > t}u {xe G 2 |p 2 (x) > t} 

{0} u {± 1} 

{0, ± 1}. 

That is G* = {0, ± l}. It is easily verified that G* is a sub-bigroup of the bigroup G. 
Now we proceed on to define fuzzy bigroup of a group. 

Definition 1.3.3: A fuzzy subset p of a group G is said to be a fuzzy sub-bigroup of 
the group G if there exists two fuzzy subgroups /// and [l? of p (jh # p and # p) 
such that p = pi u P2. Here by the term fuzzy subgroup A of p we mean that A is a 
fuzzy subgroup of the group G and A c p (where p is also a fuzzy subgroup of G). 

We illustrate the definition by the following example: 

Example 1.3.5: Consider the additive group of integers. G = {0, ± 1, ± 2, ...}. 

Define (i: G — > [0, 1] by 



and 



fii(x) = 



0.4 



fi2(x) 



(0.5 
1 0.3 



U {0,±2,±4,...} 

[0.5 if xg {±1, ±3, ±5, ...}. 

It can be verified that (I is a fuzzy sub-bigroup of the group G, as there exists two 
fuzzy subgroups (ii and (I2 of ji (|i| ^ |i and (I2 ^ p) such that p = pi u [L2 where pi 
and P2 are as given below. 
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and 



if xe {0, ±2, ±4,...} 
if xg {±1, ±3, ...} 



Hi(x) = 



1 

0.25 



if x g {0, ±2, ±4, ...} 
if x g {±1, ±3, 

The following theorem relates the fuzzy sub-bigroup and the level subset. 

THEOREM 1.3.3: Let p = /// u /12 be a fuzzy sub-bigroup of a group G, where // / and 
fl 2 are fuzzy subgroups of the group G. For t £ [0, min {pi (e), //? (e)}], the level 
subset G' l ' of p can be represented as the union of two subgroups of the group G. 

That is G' u = G' Ifl/ u G‘ 2 ^ . 

Proof. Let |i be a fuzzy sub-bigroup of a group G and t g [0, min ||i| (e), (I 2 (e)}]. 
This implies that there exists fuzzy subgroups |li and (I 2 of the group Gi such that |i = 
(O-i u (O 2 . Let G* be the level subset of |i, then we have 



x g G,! <=> 


(i (x) > t 


<=> 


max { jii(x), ji 2 (x)} > t 


<=> 


(J-i(x) > t or ji 2 (x) > t 


<=> 


xg Gj^or xg G^ 


if and only if x g Gj^ u G* 2|1i . Hence G^ 


= Gk u . 



Example 1.3.6: Just in the example 1.3.5. For t = 0.5, G * = G , 

GI,, = 2G and G^ = G . Hence G^ =G = G^ u G^ . 

Now in the following theorem we give the condition for two fuzzy subgroups (0 1 and 
(O 2 of a fuzzy subgroup (0 (|Oi ^ (0 and |i 2 ^ |l) to be such that (0 = (Lt i u (O 2 . 

Theorem 1.3.4: Let jube a fuzzy subgroup of a group G with 3 <0 (Im (ff) < 00 then 
there exists two fuzzy subgroups pi and //? of p(pi ^ p and //? ^ p) such that p = pi u 

IP 



h2(x) = 



(0.75 

0.5 



Proof: Let |i be a fuzzy subgroup of a group G. Suppose Im (ji) = {ai, a 2 , a n } 
where 3 < n < °° and ai > a 2 > . . . > a n . Choose bi, b 2 e [0, 1] be such that ai > bi > a 2 
> b 2 > a 3 > b 3 > . . . > a n and define jii, (O 2 : G — » [0, 1] by 

a i 

b 2 

(i(x) 



Jti(x) = \ 



if x g (i ai 
if x g ji a2 \ |i 
otherwise 
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and 



H2(x) 



(l(x) 



if x e (l a , 
if xe(i a2 \p a _ 
otherwise. 



Thus it can be easily verified that both pi and (I 2 are fuzzy subgroups of p. 

Further pi ^ p, P 2 ^ p and p = pi u (I 2 . 

Clearly the condition 3 < o(Im(p) < 00 cannot be dropped in the above theorem. This 
is explained by the following example. 

Example 1.3. 7: Consider the group G = {1, —1, i, — i} under the usual multiplication. 
Define p : G — > [0, 1] by 



|i(x) = 



if x = i, - i 
if x = 1, - 1 



Then it is easy to verify that p is a fuzzy subgroup of the group G as all of its level 
subsets are subgroups of G. Further 0 (Im(p)) = 2. If p K is a fuzzy subgroup of p such 
that p K c (l (|Ik ^p) then p K takes the following form: 



Fk(x) = 




if x = i, -i 
if x = 1, - 1 



with 0 < 0 Ck < 1 for every K in the index set I. It is easy to verify that Pj u p K ^ p for 

any j. Re I. Thus there does not exist two fuzzy subgroups pi and (I 2 of p (pi ^ |i and 
P 2 ^ p) such that p = pi u P 2 . 

Now we prove a very interesting theorem. 

THEOREM 1 . 3 . 5 : Every fuzzy sub-bigroup of a group G is a fuzzy subgroup of the 
group G but not conversely. 

Proof It follows from the definition of the fuzzy sub-bigroup of a group G that every 
sub-bigroup of a group G is a fuzzy subgroup of the group G. 

However the converse of this theorem is not true. It is easy to see from example 1.3.7 
that p is a fuzzy subgroup of the group G and there does not exist two fuzzy 
subgroups pi and P 2 of p (pi ^ p and P 2 ^ p) such that p = pi u p 2 .That is p is not a 
fuzzy sub-bigroup of the group G. Now we obtain a necessary and sufficient condition 
for a fuzzy subgroup to be a fuzzy sub-bigroup of G. 

Theorem 1 . 3 . 6 : Let // be a fuzzy subset of a group G with 3 < o(Im(/f)) < 00 . Then // 
is a fuzzy subgroup of the group G if and only if // is a fuzzy sub-bigroup of G. 
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Proof. Let p be a fuzzy subgroup of the group G with 3 < o(Im (p)) < °° then there 
exists two fuzzy subgroups pi and P 2 of p (pi ^ p and p? ^ p) such that p = pi u P 2 . 
Hence p is a fuzzy sub-bigroup of the group G. Conversely, let p be a fuzzy sub- 
bigroup of a group G, we know every fuzzy sub-bigroup of a group G is a fuzzy 
subgroup of the group G. 



We shall illustrate this theorem by example. 

Example 1.3.8: Define p: G — » [0, 1] where G = {1, —1, i, — i} by 



fi( x ) = 1 



0.9 

0.8 



if x = l 
if x = -1 
if x = ±i 



It is easy to prove that p is a fuzzy subgroup of the group G and o(Im(p)) = 3. Further, 
it can be easily verified that there exists two fuzzy subgroups pi and P 2 of p (pi ^ p 
and P 2 ^ p) such that p = P 1 P 2 where pi, P 2 : G — > [0, 1] are defined by 



fii( x ) = 



0.9 

0.8 



if x = l 
if x = — 1, ±i 



and 



M x ) = i 



l 

0.9 

0.7 



if x = l 
if x =-l 
if x = ± i 



The specialty about this section is that we have given examples to illustrate the 
theorem; this is mainly done to make one understand the concepts. As there are no 
books on bigroups and to the best of my knowledge the concept on fuzzy bigroups 
appeared in the year 2002 [135]. 



1.4 Fuzzy Rings and its properties 

In this section we recall the concept of fuzzy rings and some of its basic properties. In 
1971 [112, 145] introduced fuzzy sets in the realm of group theory and formulated the 
concept of a fuzzy subgroup of a group. Since then many researchers are engaged in 
extending the concept / results of abstract algebra to the broader frame work in fuzzy 
setting. However not all results on groups and rings can be fuzzified. 

In 1982 [73] defined and studied fuzzy subrings as well as fuzzy ideals. Subsequently 
among [148, 149] fuzzified certain standard concepts on rings and ideals. Here we 
just recall some of the results on fuzzy rings and leave it for the reader to prove or get 
the proof of the results by referring the papers in the references. Now we recall 
definitions as given by [37]. 
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Definition [145]: Let p be any fuzzy subset of a set S and let t e [0, 1], The set fs e 
S | p(x) > t, is called a level subset of p and is symbolized by p t . Clearly p t ci p s 
whenever t >s. 



Definition [140]: Let be a binary composition in a set S and p, <7 be any two 
fuzzy subsets of S. The product per of p and <7 is defined as follows: 



(pa) (x) = \ 



| Slip ( min ( p(y ) < 7 ( z ))) where y, z e 

I x=yz 



s 



\0 if x is not expressible as x = y • z for all y,ze S. 



DEFINITION [140] : A fuzzy subset p of a ring R is called a fuzzy subring of R if for all 
x, y e R the following requirements are met 

i. p (x -y) >min (p(x), p(y)) and 

ii. p (xy) >min (p(x), p(y)) 

Now if the condition (ii) is replaced by p(xy) > max (p(x), p(y)) then p is called a 
fuzzy ideal of R. 

Theorem 1.4.1: Let p be any fuzzy subring / fuzzy ideal of a ring R. If for some x, y 
e R, p(x) < p(y), then p(x-y) = p(x) = p(y -x). 

Proof: Direct by the very definition of fuzzy subring / fuzzy ideal of a ring R. 

Now we proceed on to define the notion of level subring/ level ideal of (I, a fuzzy 
subring or fuzzy ideal of the ring R. 

Definition [36]: Let p be any fuzzy subring / fuzzy ideal of a ring R and let 0 <t < 
p(0). The subring / ideal p, is called a level subring / level ideal of p. 

Theorem 1.4.2: A fuzzy subset p of a ring R is a fuzzy ideal of R if and only if the 
level subsets p t , t e Im(p) are ideals of R. 

Proof: Left for the reader as it can be proved using the definition. 

Theorem 1.4.3: If p is any fuzzy ideal of a ring R, then two level ideals 
p ti and p, (with ti < tf) are equal if and only if there is no x in R such that 

tj < p (x) < t 2 . 

Proof: Left an as exercise for the reader to prove as a matter of routine. 

This theorem gives an insight that the level ideals of a fuzzy ideal need not be distinct. 



40 




Theorem 1.4.4: The level ideals of a fuzzy ideal p form a chain. That is iflm p = {to, 
ti, t n } with to > ... > t„ , then the chain of level ideals of p is given by 
M, t <=//,, ci ...np, = R. 

Proof Straightforward, hence omitted. 

Now we proceed on to recall the definition of fuzzy prime ideal as given by [99, 100]. 

Definition [99]: A non-constant fuzzy ideal p of a ring R is called fuzzy prime if for 
any fuzzy ideals pi and pi of R the condition pi jl 2 TP p implies that either pi c p or 
Pi QP- 

It is left for the reader to prove the following theorem. 

Theorem 1.4.5: The level ideal p t , where t = p(0) is a prime ideal of the ring R. 

DEFINITION [99]: A fuzzy ideal p of a ring R, not necessarily non-constant is called 
fuzzy prime if for any fuzzy ideals pi and pi of R the condition pi P 2 c" p implies that 
either pi (Z p or p 2 czp. 

Consequent of this definition the following result is left for the reader to prove. 
Theorem 1.4.6: Any constant fuzzy ideal p of a ring R is fuzzy prime. 

Now we give the characterization theorem. 

Theorem 1.4.7: If p is any non-constant fuzzy ideal of a ring R, then p is fuzzy prime 
if and only if l e Im p : the ideal p t , t = p(O) is prime and the chain of level ideals of 
p consists of p t a R. 

Proof. Left for the reader to prove. 

Definition 1.4.1: An ideal I of a ring R is said to be irreducible if I cannot be 
expressed as h n h where // and h are any two ideals of R properly containing I, 
otherwise I is termed reducible. 

The following results which will be used are given as theorems, the proof are for the 
reader to prove. 

Theorem 1.4.8: Any prime ideal of ring R is irreducible. 

Theorem 1.4.9: In a commutative ring with unity, any ideal, which is both 
semiprime and irreducible, is prime. 

Theorem 1.4.10: Every ideal in a Noetherian ring is a finite intersection of 
irreducible ideals. 

Theorem 1.4.11: Every irreducible ideal in a Noetherian ring is primary. 
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Definition [37]: A fuzzy ideal p of a ring R is called fuzzy irreducible if it is not a 
finite intersection of two fuzzy ideals of R properly containing p: otherwise p is 
termed fuzzy reducible. 

Theorem [109]: If p is any fuzzy prime ideal of a ring R, then p is fuzzy irreducible. 
Proof: Refer [109]. 

However as a hint for the interested reader we mention the proof is given by the 
method of contradiction. We give the theorem from [109] the proof is omitted as it 
can be had from [109]. 

Theorem [109]: If p is any non-constant fuzzy irreducible ideal of a ring R, then the 
following are true. 

i. 1 e Im p . 

ii. There exists a e [0, 1] such that p (x) = a for all x e R \ {x e R / 
p(x)=l}. 

Hi. The ideal {x e R / p (x) = 1} is irreducible. 

It is important to recall some of the basic properties of fuzzy subrings and fuzzy ideals 
of a ring R. 

The proofs of all these results are left for the reader to prove. 

Theorem 1.4.12: The intersection of any family of fuzzy subrings (fuzzy ideals) of a 
ring R is again a fuzzy subring (fuzzy ideal) of R. 

Theorem 1.4.13: Let p be any fuzzy subring and 9 be any fuzzy ideal of a ring R. 
Then p n 9 is a fuzzy ideal of the subring {x e R /p (x) = M (0)}. 

Theorem 1.4.14: Let p be any fuzzy subset of a field F. Then p is a fuzzy ideal ofFif 
and only if p (x) = p (y) < p(0) for all x,y £ F \ {Of 

Theorem 1.4.15: Let R be a ring. Then R is a field if and only if p(x) = p (y) < p (0) 
where p is any non-constant fuzzy ideal of R and x, y £ R \ {0}. 

Theorem 1.4.16: Let Io crfcz . . .al n = R be any chain of ideal of a ring R. Let to, ti, 

. . ., t n be some numbers lying in the internal [0,1] such that to >ti > ... > t n . Then the 
fuzzy subset p of R defined by 

, , [to if K 

V( x ) = \ + ., T , r . , , 

[tj if x £ Ij l Ij_j ,i = 1,2,..., n 

is a fuzzy ideal of R with F u = { I, \ i = 0, 1,2, ..., n}. 

Now we recall the definition of the product of any two fuzzy ideals of a ring R as 
given by [140]. 
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Definition [140]: Let p and 6 be any fuzzy ideals of a ring R. The product p o Oof 
p and Ois defined by 

(p 06 ) (x) = sup [min ( min (p( y J, 9 ( z. fj ) l 

Z i ' 

y> z i 



where x, y t z, e R. 



It is left for the reader to verify that |i o 0 is the smallest fuzzy ideal of R containing 
( 10 . 

Notation: At times we will make use of this notation also. Let A (ji) be any subset 
(fuzzy subset) of a ring R. The ideal (fuzzy subring / fuzzy ideal) generated by A(ji) is 
denoted by (A) «(i)). 

The following theorem which can be proved by a routine computation is left as an 
exercise for the reader to prove. 

Theorem [36]: Let p be a fuzzy subset of a ring R with card Im p < Define 
subrings R, of R by 

Ro = ({xe R / p(x) = sup R ( z )}) and 

zsR 



Ri = ({Ri-i u{x e R / p(x)= SUp R( z )\ 1 

zeR.-R.j_j 



where k is such that fp = R. Then k < card Im p. Also the fuzzy subset p* of R defined 
by 



if xe R n 

if x e R ; \ R t _,, l<i <k 



To define the concept of fuzzy coset of a fuzzy ideal the following theorem will help; 
the proof of which is left for the reader as an exercise. 

Theorem 1.4.17: 

i. Let p be any fuzzy ideal of a ring R and let t = p(0). Then the fuzzy subset 
p* of R/p t defined by p* (x + p t ) = p(x) for all x e R, is a fuzzy ideal of 

R/pt- 



P*(x) = 



[ sup M( z ) 

Z € R 

SUp M( z ) 



zeR\R:_ 



is a fuzzy subring generated by p in R. 
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ii. If A is an ideal of R and 6 is a fuzzy ideal of R/A such that 0 (x + A) = 0(A) 

only when x e A, then there exists a fuzzy ideal p of R such that p t = A 
where t = p(O) and 0 = jit*. 

Now we recall the definition of fuzzy coset. 

Definition [36]: Let p be any fuzzy ideal of a ring R and let x e R. The fuzzy subset 
jU x * of R defined by p x *(r) = ft (r - x) for all r e R is termed as the fuzzy coset 
determined by x and p. 

For more about these concepts please refer [109]. The following theorem is given, the 
proof of which is a matter of routine hence left for the reader as an exercise. 

Theorem 1.4.18: Let p be any fuzzy ideal of a ring R. Then R u , the set of all fuzzy 
cosets of p in R is a ring under the binary compositions. 

p x * + jUy* = H*x+ y and 
p x *p y * = R*xyf or all x, y e R. 

Now we proceed on to recall the definition of fuzzy quotient ideal of ring R. 

Definition [109]: If p is any fuzzy ideal of a ring R, then the fuzzy ideal p' of R u 
defined by p' (pf) = p(x) for all x e R is called the fuzzy quotient ideal determined by 

M- 

The proof can be had from [109]. 

Theorem [109]: If p is any fuzzy ideal of a ring R, then the map f : R —>R^ defined 
by f(x) = pf for all x e R is a homomorphism with kernel p t , where t = p (0). 

Theorem [109]: If p is any fuzzy ideal of a ring R, then each fuzzy ideal of R u 
corresponds in a natural way to a fuzzy ideal of R. 

Proof. Let |T be any fuzzy ideal o f R M . It is entirely straightforward matter to show 
that the fuzzy subset 0 of R defined by 0 (x) = |T (|i x ) for all xe R, is a fuzzy ideal of 
R. 

Now we proceed on to define fuzzy semiprime ideal. 

DEFINITION [109]: A fuzzy ideal p of a ring R is called fuzzy semiprime if for any 
fuzzy ideal OofR, the condition O m c: p (m e Z ) implies Gap. 

The following results are direct and can be obtained as a matter of routine and hence 
left for the reader as an exercise. 

Theorem 1.4.19: Let p be any fuzzy subset of a ring R. Then p(x) = t if and only if x 
e p t and x £ Psfor all s >t. 
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THEOREM 1.4.20: A fuzzy ideal p of a ring R is fuzzy semiprime if and only if p, t e 
Im p, is a semiprime ideal of R. 

THEOREM 1.4.21: An ideal A of a ring R is semiprime if and only if if/\ is a fuzzy 
semiprime ideal of R. 



Theorem 1.4.22: If p is any fuzzy semiprime ideal of a ring R, then R M , the ring of 
fuzzy cosets of p in R is free from non-zero nilpotent elements. 



Theorem 1.4.23: Let p be any fuzzy ideal of a ring R such that Im p = {t, sj with t > 
s. If the ring R u has no non-zero nilpotent elements, then the fuzzy ideal p is fuzzy 
semiprime. 

THEOREM [99]: A ring R is regular if and only if every fuzzy ideal ofR is idempotent. 
Proof: Refer [99]. 

THEOREM 1.4.24: A ring R is regular if and only if every fuzzy ideal of R is fuzzy 
semi prime. 

Proof: Straightforward hence left for the reader to prove. 

Now we recall some results on fuzzy subrings from [40]. 

Now for the time being we assume that R is a commutative ring with unit and M will 
denote a maximal ideal of R. If R is quasi local, then M is the unique maximal ideal of 
R and we write (R, M), whenever we say a subring of R we assume the subring 
contains the identity of R. We let g denote the natural homomorphism of R onto R/M. 
If S is a subset of R, we let (S) denote the ideal of R generated by S. 



Let X and Y be fuzzy subsets of R i.e. functions from R into the closed interval [0, 1]. 
Then X+Y is the fuzzy subset of R defined by Vze R, (X+Y)(z) = sup{min(X(x), 
Y(y)} | z = x + y}. We say that XdY if X(x) > Y(x) for all xe R. Let {Xi | i e 1} be 
a collection of fuzzy subset of R. Define the fuzzy subset 

( \ 

n*. 

V fe/ J 



of R by, for all z e R, 



n-v w 



\iel 



= inf{X i (z) is /}, 



If U is the subset of X, we let Su denote the characteristic function of U in R. We let 
Im (X) denote the image ofX. We say that X is finite valued if Im (X) is finite. We let 
X* = {x e R | X (x) > 0} the support of X. For all t e [0, 1] we let X t = {xe R | X(x) 
> t} a level subset of X in R. 
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Let A be a fuzzy subring of R and S a subring of R. Define A| s of R by (A| s ) (x) = 
A(x) if x e S and (A| s ) (x) = 0 otherwise . It follows that A| s is a fuzzy subring of R. If 
B is a fuzzy subring of R such that B is a field containg the identity of R and B(x) = 
B(x 1 ) for all units x in R, then B is called the fuzzy sub fie Id in R. R is said to have a 
coefficient field with respect to M if there exist a field F containing the identity of R 
such that R = F + M. Suppose that R has a coefficient field F with respect to M. If A = 
A|f + A|m where A|f is a subfield in R then A|f is called the fuzzy coefficient field of 
A with respect to A| M . 

Theorem [40]: Suppose that M is nil and R has a coefficient field. Let A be a fuzzy 
subring of R such that for all t, s e Im(A) with t > s, (A s n F) p r (A t n F) = (A, n F) p 
then A = Af + A\m- 

Proof: Refer [40]. 

Using the above theorem one can easily prove the following theorem, which is once 
again left for the reader as an exercise. 

Theorem [40]: Suppose that M is nil, R contains a field K and R/M is separable 
algebraic over K. Let A be a fuzzy subring of R such that A z> 5 k . Then A = Af + A\m 
and A\f is a fuzzy subfield in R where F is the coefficient field containing K. 

Proof Left for the reader to refer [40]. 

Theorem [40]: Let A be a fuzzy subring of R. Suppose that Im (A) = {to, ti, .... t n } 
where to > ti > ... > t n . Suppose further that (R, M) and (A t , M n A t ) are complete 
local rings for all t e Im (A) such that R P cA t . Then R has a coefficient field F such 

that A = Af + A\m where Af is a fuzzy subfield of R. 

Proof: Refer [40]. 

Suppose F/K be a field extension and let C and D be fuzzy sub fie Ids of F such that D, 
C 3 8 k- If C and D are linearly disjoint over 8 k then we write CD = C 0 D where CD 
is the composite of C and D. The following results give the structure of the fuzzy field 
extension A | f over A | k where Kc: A t . The proof of these theorems are left for the 
reader as an exercise, we only state the theorem; interested reader can refer [40]. 

Theorem [40]: Let F/K be a field extension. Suppose that A is a fuzzy subfield of F 
such that A zd 5k and that A is finite valued say Im(A) - {0} = {to, ti, t n } where 
to > ti > t 2 > ■■■> t n . If there exists intermediate field Hi of A t /K such that 
A ti = A, , 0 k Hi for i — 1 , — , n then there exists fuzzy subfield A ,■ of F, i — 0, 1 , — , n, 

such that A = Ao 0A j 0 ... 0A n (over 5 k), K cz A t = A* n and A* = H, i = 1, ..., n. 

Theorem [40]: Let F/K be a field extension with characteristic p > 0. Suppose that 
F p cz K. Let A be a fuzzy subfield of F such that A* = F and A Z) Sk- Suppose that A is 
finite valued say Im (A) - {0} = {to, ti, .... t n } where to >ti > ti > ...> t„. Then there 
exists fuzzy subfield Aj of F„ i = 0, 1, 2, ..., n, such that A = Ao 0 A / 0 ... 0 A n . 
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Further more for all i = 0, 1, 2, .. ., n there exists set T, of fuzzy subfields of F such 
that for all L e T h L Z) 5 k, L * / K is simple and 

Ai= @ L (over S K ). 

Ie T t 



Now we proceed on to define fuzzy polynomial subring and fuzzy power series 
subring. 

Definition [40]: Let S be a commutative ring with identity. Let R = S[xi, ..., x,J be a 
polynomial ring in the indeterminates xi, X 2 , .... x„ over S. Let 

Abe a fuzzy subring of R. If for all 



m n m l 

I - I c ., 



6 R 



i=0 



h=0 



where C, 



g S. A(r) = min {(min{A(C l 



l l 1 2 ■ 



) i i =0,l,...,m i ,j=l,2,...,n}. 



min {tj /j = 1,2, ..., n}}, then A is called a fuzzy polynomial subring of R where tj = 
A(xj) if Xj appears non-trivially in the above representation of r and tj = 1 otherwise, 
j = 1, 2, .... n. 



Definition [40]: Let S be a commutative ring with identity. Let R = S [[xi, ..., x„J] 
be a power series ring in the indeterminates xi, X 2 , ..., x„ over S. Let A be a fuzzy 
subring of R. 

If for all 



■=E-E c,,... 



=o 



;=0 



. x" e R where C, 



A(r) = min {inf (A (C jj ; J ij=0, 1, t ; j = 1,2, ...,n} , min (tj) /j = 1, 2, ..., n}} 

then A is called a fuzzy power series subring of R where tj is defined as in the above 
equation. 

The reader is expected to prove the following theorems. 

Theorem [40]: Let R = S[xi, X2, .... x,J be a polynomial ring over S and M = (xj, 

. . ., x n ). Let Abe a fuzzy subring of R. Then A is a fuzzy polynomial subring of R if and 
only if A = A\s + A\m and for all r s R, r # 0, and for all Xj , j = 1, 2, ..., n. A (xj r) = 
min {A(xj), A(r)}. 

Proof: Left for the reader as an exercise. 

The following theorem is interesting and left for the reader to prove. 
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THEOREM [ 40 ]: Let R = S [[xi, . . ., x„ ] ] be a power series ring in the in determinants 
xi, X 2 , . . x n over S and M = (xi, x„). Let A be a fuzzy subring of R. 

i. If A is a fuzzy power series subring of R, then A = A\s + A\Mand for all r e 
R, r ^0 and for all Xj , j = 1,2, ..., n, A (x, r) = min { A(xj ), A(r)}. 

ii. Suppose that A\m is a fuzzy ideal in R. If A = A\s + A\m and for all r e R, r 
^ 0 and for all Xj , j = 1,2, ..., n. A (x, r) = min { A(xj ), A(r)} then A is a 
fuzzy power series subring of R. 

Now we proceed on to recall some more notions on fuzzy polynomial subrings. 

Theorem [ 40 ]: Suppose that R = S[x](S[[xJJ) is a polynomial (power series) ring 
over S and that A is a fuzzy polynomial (power series) subring of R. If A/m is a fuzzy 
ideal of R, then A is constant on M- (0) where M = (x). 

Proof The reader is requested to refer [40] . 

We will also using the notation for A* and A* obtain some interesting results about 
fuzzy subrings. 

Definition 1 . 4 . 2 : Let A be a fuzzy subset of R. Define 

A* = {xe R | A(x) >0} and 
A* = {xe R | A(x) = A(0)}. 

The following theorem is Straightforward hence left for the reader to prove. 

THEOREM 1 . 4 . 25 : Let A be a fuzzy subring (fuzzy ideal) of R. Then A* is a subring 
(ideal) ofR. IfL has the finite intersection property then A* is a subring (ideal) of R . 

Theorem 1 . 4 . 26 : Let {A „ a e Q } be a collection of fuzzy subrings of R. Suppose 
that L has the finite intersection property. Then 

f y 

Z4= Z4 • 

Proof: Follows from the fact that if 




if and only if 

lA a ] (x) >0 

\aeQ J 
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if and only if 



sup {inf < A a (x a ) 



X = Z X « >0 

aeQ 



ae £2} 



if and only if 

x= IX » 

ocg£2 

for some x a e if and only if 







The following result is also Straightforward left for the reader as exercise. 

Theorem 1.4.27: Let { A a \ cc e Q } be a collection of fuzzy subrings of R. Suppose 
that L has the intersection property. Then 



n 4 = 

asC2 



n 4* 

\aeI2 



Theorem 1.4.28: Let {A a \ a e Q } be a collection of fuzzy subrings of R. Suppose 
that L has the finite intersection property. Then for all j8 e fl 

={°) 

a&£2p 

if and only if for all x e R, x ^ 0 



r \ 

4 



V 






= o. 



Proof: Follows from the definitions. 

Theorem 1.4.29: Let {A a \ cc £ L2 } u {A} be a collection of fuzzy subrings of R such 
that A = Y A a . Suppose that L has the finite intersection property, then A = © A a 

aeO ' aen 

if and only if A = © A a . 

aef2 



Proof: Follows from the very definitions. 

Theorem 1.4.30: Let (A a \ a e Q } be a collection of fuzzy subrings of R. Then 



( ^ 




( \ 


Ya , 

Z—j a 


c 


IX 


2 j 




\aef2 )* 
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Proof: Left as an exercise for the reader to prove. 



Theorem 1.4.31: Let { A a \ a e Q } be a collection of fuzzy subrings of R . If there 



exists t e 



L, t #7, such that t >sup\A a ( x) x<£ A , for all a e L?} then 



Ya . 

a 

aef2 




\aeI2 J* 



Proof: Follows from the very definition. 



Theorem 1.4.32: Let { A a \ a e Q } be a collection of fuzzy subrings of R . Suppose 
that L has finite intersection property, if 



£ A C 



aeI2 



© A n 



aeI2 



then 



Ya . = © a .. 

a aen a 

aef2 



Proof: Left for the reader as an exercise. 

Theorem 1.4.33: Let {A a \ a e 12/ be a collection of fuzzy subrings ofR. Then 



aef2 aef2 

and 



Proof: Simple and 

Theorem 1.4.34: 



Z A « A ?=Z A « A t 



\aef2 J 

straightforward for the reader to prove. 

If A and B are fuzzy subrings (fuzzy ideals of R). Then 

AB(x + y) > inf(AB(x), AB(y)) 

AB(x) = AB(-x) 



for all x, y e R. 

Proof: Left for the reader as an exercise. 

Th e orem 1.4.35: Let A and B be fuzzy subrings ofR such that 
sup {{sup A (x) | X £ A a }, sup {B(x) I X £ Ball < 1- 
Then ( AB f, = A*B *. 
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Proof: x g (AB)* if and only if (AB) (x) = 1 if and only if sup {inf {inf (A(y;) B (z , )} 



n 

i = 1,2, . . . , n} such that x = y i z i with n e N} = 1 

i=l 



if and only if 

n 

x = Zyi z i 

i=l 

for some y; g A* and z\ g B*, (i = 1,2, ... , n) if and only if x e A* B*. 

The following theorem is left for the reader to prove. 

Theorem 1.4.36: Suppose that R has an identity. Let { A a \ oc e Q} be a collection 
of fuzzy subrings of R. Suppose that 

Sr = ’YjA 

aef2 



and for all x e R, x ^0 (A a Ap) (x) = 0 for all a, fd e Q , a & j8. Then for all a, e Q , 
A a is a fuzzy ideal ofR. IfL has the finite intersection property then 



Now we proceed on to define fuzzy left coset for a fuzzy ideal A of R. 

Definition 1.4.3: Let A be a fuzzy ideal of R. For all r e R, define fuzzy left coset 
r + A by for all x e R (r + A) (x) = A(x - r). Let R/A = {r + A / r € A}. 

The following theorem is Straightforward and hence left for the reader to prove. 

Theorem 1.4.37: Let A be a fuzzy ideal of R. Define ‘+ ’ and ‘•’on R/A by for all r, s 
€ R (r + A) + (s + A) = r + s + A and (r + A) • (s + A) = r • s + A. Then R/A is a 
commutative ring and R/A = R/A*. 

Notation: Let R« be a subring of R and let A be a fuzzy ideal of R. Let A' a denote the 
restriction of S R A of R a . Then A' a is a fuzzy ideal of R«. 

Theorem 1.4.38: Suppose that R has an identity. Let {R a \ oc e £2} be a collection of 
ideals of R such that R = © R (/ . Let A be a fuzzy ideal of R. Suppose that L has the 

oueQ. 

finite intersection property. Then there exists a collection of fuzzy ideals of R, (A a \ a 
e Q } such that A = © A a and in fact A a = S R A for all a e fl . If 1 >sup (A(x) \ x 

aeQ “ 

£ A a } then A ' a is a fuzzy ideal of R a and R / A = © R n / A' a . 
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Proof : Refer [84], The following result can be proved as a matter of routine, hence 
left as an exercise for the reader to prove. 

Theorem 1.4.39: Let {A a \ a e £2} u {A} be a collection of fuzzy subrings of R. 
Suppose that L has the finite intersection property. If A = © A a then for all x e A*, 



x = Yj X a 

asC2 



for unique 



A* and A(x) = inf 



A J x a) 




I ] x cr x a &A *a 

obQ 



Theorem 1.4.40: Let A and B be fuzzy subrings of R. Suppose that L has the finite 
intersection property. Then (AB)* = AB. 

Proof: Straightforward, hence left for the reader to prove. 

Theorem 1.4.41: Suppose that R has an identity. Let {R a \ a e 12} be a collection of 
ideals ofR such that R = © R a . Let A be a fuzzy ideal ofR such that 1 >sup (A (x) x 

aef2 

g A a j. Let A a = S R A, for all (X e £2. Suppose that L has the finite intersection 

property. Then A is a fuzzy maximal or fuzzy prime or fuzzy primary (L = [0, 1] here) 
if and only if for all but one of the A a 's is 1 on R a and the remaining A ' „ is fuzzy 
maximal or fuzzy prime or fuzzy primary in R a . 

Proof: Left for the reader as an exercise. 

Now we proceed on to recall the notion of pairwise co-maximal. 

Definition 1.4.4: Suppose that R has an identity. Let {A a \ a e £2} be fuzzy ideals of 
R. The A a is said to be pair wise co-maximal if and only if A a X Sr and A a + A p = Sr 
for all a, (3 e £2, a? fd. 

The following theorem is straightforward and left for the reader to prove. 

Theorem 1.4.42: Suppose that R has an identity. Let {A a \ cc e Q } be a collection of 
finite valued fuzzy ideals of R. Then the A a are pairwise co-maximal if and only if A „* 
are pairwise co maximal. 

Some results on finite collection of finite valued fuzzy ideals ofR is recalled. 

Theorem 1.4.43: Suppose that R has an identity. Let {A a \ cx e £2 j u (Bj be a finite 
collection of finite valued fuzzy ideals of R. 
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i. The A a are pairwise co maximal if and only if the are pairwise co 
maximal where L = [0, 1], 

ii. If B is co maximal with each A a , then B is co maximal with |) A a and 

aef2 

0 A a where L has the finite intersection property. 

aef2 

Hi. If the A a are pairwise co maximal then ru- n A a where L has the 

aeI2 aef2 

finite intersection property. 

Now we proceed on to recall the definition of fuzzy external direct sum. 

Definition 1.4.5: Let {X a \ a e £2 } be a collection of non-empty sets and let A a be a 
fuzzy subset of X a for all a € £2 . Define the Cartesian cross product of the A a by for 
all XaE Xa. 



( \ 



X4J 

\aef2 J 



(x) = inf {A a (Xa) \ ae £2} 



where x = { xf and ( x a ) denotes an element of the Cartesian cross product x X a . 

ae£2 



The following theorem can be proved as a matter of routine. 

Theorem 1.4.44: Let { R a \ cc e £2 } be a collection of commutative rings and let A a 
be a fuzzy subring (fuzzy ideal) of R a for all a e £2 . Then x A a is a fuzzy subring 

(fuzzy ideal ) of x R a where by x R a we mean external direct sum of the R a - 

aef2 aef2 

The following theorems are very direct by the use of definitions. 

Theorem 1.4.45: Let (R a \ oc e T2 } be a collection of commutative rings and let A a 
be a fuzzy subring (fuzzy ideal) of R a for all a e Q . Then for all f e Q . x A^ is 

a fuzzy subring (fuzzy ideal) of x R a ■ 



Theorem 1.4.46: Let {A a \ a e Q } be a collection of fuzzy subrings of R. Suppose 
that L has the finite intersection property. If 



X = © ^ then H A a 

aef2 aef2 aef2 



X A a on 

aef2 



2X 



\aef2 J 



Theorem 1.4.47: Let {R a \ ot e 12} be a collection of commutative rings. Let A a be a 
fuzzy subring (fuzzy ideal) of R a for all a e £ 2 . Suppose that L has the finite 
intersection properly. Then in X Ra > © X 

ae£2 J3ef2 ae£2 
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Now we proceed on to define the concept of complete fuzzy direct sum. 

Definition 1.4.6: Let { R a \ cx e £2 } be a collection of commutative rings and let A a 
be a fuzzy subring of R a , for all cx e £2 . Then the Cartesian cross product x A a is 

called the complete fuzzy direct sum of the A a . 

We proceed on to recall the weak fuzzy direct sum. 

Definition 1.4.7: Let { R a \ cx e £2 } be a collection of commutative rings and let A a 
be a fuzzy subring of R a for all CX e £2 . 

Let 

aef2 



denote the weak direct sum of the R a - Define the fuzzy subset 



by for all 



Then 



I® 4 ,of X®4 

cce£2 ae£2 



X = (x) e R a> 

aef2 



f 



v 
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is called the weak fuzzy direct sum of the A a . Now we proceed on to recall some of the 
extensions of fuzzy subrings and fuzzy ideals as given by [84], that has given a 
necessary and sufficient conditions for a fuzzy subring or a fuzzy ideal A of a 
commutative ring R to be extended to one A e of a commutative ring S containing R as 
a subring such that A and A e have the same image. 

One of the applications of these results gives a criterion for a fuzzy subring of an 
integral domain R to be extendable to a fuzzy subfield of the quotient field. To this 
end we just recall the definition of fuzzy quasi-local subring and some basic 
properties about collection of ideals. 

Theorem 1.4.48: Let R be a ring and let {I t \ t e II} be a collection of ideals of R 
such that R = ul t for all s, t e II, s >t if and only if I s a /,. Define the fuzzy subset A 
of R by for all x e R, A (x) = sup {t\x g [}. Then A is a fuzzy ideal of R. 
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Proof: Left for the reader as an exercise. 

Notation. II is a non-empty subset of [0, 1] i.e. we use II as the index set. 

On similar lines the following theorems can also be proved. 

Theorem 1 . 4 . 49 : Let R be a ring and let (R, t e II} be a collection of subrings of R 
such that R = u R, for all s, t e II, s >t if and only if R s ci R t . Define the fuzzy subset 
A of R by, for all x e R, A(x) = sup (t lx £ R,}. Then A is a fuzzy subring of R. 

Theorem 1 . 4 . 50 : Let R be a ring with unity and let A be a fuzzy subring of R. Then 
for all y e R, y a unit and for all x e R. A(xy~ 1 ) >min { A (x) , A (y)}if and only if A(y) 
= A(y~ J J for every unity in R. In either case A(l) >A(y) where y is a unit. 

Theorem 1 . 4 . 51 : Let R be a quasi-local ring. If A is fuzzy quasi local subring of R, 
then for all t such that 0 <t <A(t), A, is a quasi local ring and M n A t is the unique 
maximal ideal of A t . 

(We say that A fuzzy subring of R to be a fuzzy quasi local subring of R if and only if 
for all x € R and for all y e R such that y is a unit, A(xy~ ) > min (A (x), A(y)} or 
equivalently A(y) = A (y~ )). 

Theorem 1 . 4 . 52 : Let R be a quasi-local ring. Let A be a fuzzy subset of R. If for all 
te Im(A), A t is a quasi local ring with unique maximal ideal M n A t then A is fuzzy 
quasi local subring of R. 

For proof please refer [84] or the reader is advised to take it as a part of research and 
find the proof as the proof is more a matter of routine using basically the definitions. 

Theorem 1 . 4 . 53 : Let R be a quasi local ring. 

i. If A is a fuzzy quasi local subring of R, then A* is quasi local and 
A* nM is the unique maximal ideal of A*. 

ii. If R' is a subring of R, then R' is quasi-local with unique maximal 
ideal M nR' if and only if Sr , is a fuzzy quasi local subring ofR. 

Next a necessary and sufficient condition for a fuzzy subset A of a ring R to be fuzzy 
quasi local is given. 

Theorem 1 . 4 . 54 : Let R be a quasi local ring. Let {R t t e II j be a collection of quasi 
local subrings of R with unique maximal ideals M t of R, , t £ II}, such that R = u R, 
and for all s, t e II, s >t if and only if R s a R,. Define the fuzzy subset A of R by for all 
x € R. A(x) = sup {t | x € R t }. Then A is fuzzy quasi local if and only if M t = M n R, 
for all t e II. 

Before one defines the notion of extensions of fuzzy subrings and fuzzy ideals it is 
very essential to see the definition and properties of extension of fuzzy subsets. The 
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following three theorems will give explicitly all properties about extension of fuzzy 
subsets. The proof of which is once again left for the reader as an exercise. 

Theorem 1 . 4 . 55 : Let R be a non-empty subset of a set S and let A be a fuzzy subset 
of R. IfB is an extension of A to a fuzzy subset of S, then A, n B s = A s for all s, t such 
that 0 <t <s < 1. 

Theorem 1 . 4 . 56 : Let R be a non-empty subset of a set S and let A be a fuzzy subset 
ofR. IfB = (B, | t € Im(A)} is a collection of subsets of S such that 

i. uB t = S. 

ii. for all s, t e Im(A), s >t if and only if B s czB, and 

Hi. for all s, t € Im(A), s >t, A t n B s = A s , then A has an extension to a fuzzy 
subset A 1 ' of S such that (A‘f id Bf or all t e Im (A). 

Theorem 1 . 4 . 57 : Let R be a non-empty subset of a set S and let A be a fuzzy subset 
of R such that A has the sup property. If © = {B, it € Im (A)} is a collection of subsets 
of S which satisfies (i) to (Hi) of conditions given in the above theorem then A has a 
unique extension to a fuzzy subset A 1 ' of S such that (A e ) t = B, for all t e Im (A) and 
Im(A e ) = Im(A). 

Now we proceed on to define extension of fuzzy subrings and fuzzy ideals. Let R be a 
subring of S. If I is an ideal of R, we let I e denote the ideal of S extended by I. 

Theorem 1 . 4 . 58 : Let R be a subring of S and let A be a fuzzy ideal of R such that A 
has the sup property. If 



U (4/ = s 

telm( A ) 



and for all s, t e Im (A), s >t, A t n (A s )“ = A s , then A has a unique extension to a fuzzy 
ideal A e of S such that (A e ) t = (A t ) e for all t e Im (A) and Im(A e ) = Im(A). Let R be a 
commutative ring with identity. Let M be a multiplicative system in R. Let N = {x e R 
| mx = 0 for some m e M}. Then N is an ideal of R. Unless otherwise specified, we 
assume N = (0) i.e. M is regular. Let Rm denote the quotient ring of R with respect to 
M. Since N = ( 0) , we can assume that R a Rm. If A is a fuzzy subring of R, we 
assume A(l) = A (0). 

THEOREM 1 . 4 . 59 : Let A be a fuzzy subring of R such that A has the sup property. 
Then A can be extended to a fuzzy subring A e of RmsucIi that for all x, y e R, y a unit. 
A e (xy~ 1 ) >min (A e (x) , A e (y)} if and only if for all s, t e Im (A), s >t, A, n (A, )m = A s 
where M s = M nA s for all s e Im (A). If either condition holds, A 1 ' can be chosen so 
that (A e ) t = (A t )Mfor all t e Im (A) and Im (A f = Im(A). 

The following two results are very interesting and can be easily verified by the 
readers. 
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Theorem 1.4.60: Let A be a fuzzy subring of R such that A has the sup property. 
Then A can be extended to a fuzzy quasi local subring A e ofRp <=>for all s, t e Im (A), 
s >t, A t n (A s )p = A s where P s = P nA s for all s e Im (A). 

Theorem 1.4.61: Let R be an integral domain and let Q denote the quotient field of 

R. Let A be a fuzzy subring of R such that A has the sup property. Let Q t denote the 
smallest subfield of Q which contains A t ,for all t e Im (A). Then A can be extended to 
a fuzzy subfield of Q if and only if for all s, t e Im (A), s >t, A t n Q s = A s . 

Now we recall the definition of the extension of fuzzy prime ideals. 

Let R and S be rings and let f be a homomorphism of R into S. Let T denote f (R). If I 
is an ideal in R, then the ideal (f(I)) e (or simple I e ) is defined to be the ideal of S 
generated by f (I) and is called the extended ideal or extension of I. If J is an ideal of 

S, the ideal J c = f _1 (J) is called the contracted ideal or the contraction of J. 

Definition [80]: Let A and B be fuzzy subsets of R and T respectively. Define the 
fuzzy subsets f(A) of T and f~ 1 (B) of R by f(A) (y) = sup (A(x) /f(x) = yj for all y e T, 
f~ J (B) (x) = B (f(x) ) for all x e R . 

Theorem 1.4.62: Suppose A and B are fuzzy ideals of R and T respectively. Then 

i. f (A) and 'j(B) are fuzzy ideals of T and R respectivelv. 

ii. f(A)(0)=A(0). 

Hi. f- 1 (B)(0) =B(0). 

Theorem 1.4.63: Let A be a fuzzy ideal of R. Then 

i. f(A *) a (f(A))* 

ii. if A has the sup property thenf (A))*=f(A*). 

Now we proceed on to recall the definition of f-invariant. 

Definition 1.4.8: Let A be a fuzzy ideal ofR.A is called f-invariant if and only if for 
all x, y e R,f(x) =f(y) implies A(x) =A(y). 

In view of this we have the following nice characterization theorem; the proof of 
which is left an exercise for the reader. 

Theorem 1.4.64: Let A be a fuzzy ideal of R. Then A is a fuzzy prime ideal of R if 
and only if A(0) = 1, \lm( A)\ = 2 and A* is a prime ideal of R. 

Theorem 1.4.65: Let A be an f-invariant fuzzy ideal of R such that A has the sup 
property. If A* is a prime ideal of R, thenf (A*) is a prime ideal ofT. 

Theorem 1.4.66: Let A be an f-invariant fuzzy ideal of R such that Im(A) is finite. If 
A* is a prime ideal of R then f (A*) = (f(A [))* . 
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THEOREM 1 . 4 . 67 : Let A be an f -invariant fuzzy ideal of R. If A is a fuzzy prime ideal 
ofR then f(A) is a fuzzy prime ideal ofT. 

Theorem 1 . 4 . 68 : Let B be a fuzzy ideal of T. Then 

i r'(Bd =rfB, u . 

ii. IfB* is a prime ideal of T, then f (B)* is a prime ideal of R , 

iii. IfB is a fuzzy prime ideal of T, then j (B) is a fuzzy prime ideal of R. 

The following are simple but interesting results on fuzzy ideals. 

Theorem 1 . 4 . 69 : Let I be a fuzzy ideal of S. Then (I c )*- (I*) c . 

To prove the following theorem we make the assumption that if M is the 
multiplicative system in R. N = {xe R | xm = 0 for some m e M} equals ( 0). 

Theorem 1 . 4 . 70 : Let I be a fuzzy ideal of Rm then (I ce )* = ((I c )*) e = (I*) ce = I* . 

Theorem 1 . 4 . 71 : Let A be a fuzzy ideal of R. Then in Rm, (A ce )* = ((A e )*f = (A*) ec 
and if M is prime to A*, then (A*) ec = A*. 

The reader is requested to refer [80]. 

We replace the interval [0, 1] by a finite lattice L which has 0 to be the least element 
and 1 to be the largest element. All the while, fuzzy ideals have been defined over 
[0, 1] when we define it over a lattice L we call them L-fuzzy ideal. 

DEFINITION [ 61 - 64 ]: An L-fuzzy ideal is a function J : R —> L (R is a commutative 
ring with identity L stands for a lattice with 0 and 1) satisfying the following axioms 

i. J (x + y) >J (x) a J(y). 

ii. J(—x)=J(x). 

iii. J (xy) >J(x) vJ(y). 



Theorem [ 61 - 64 ]: 

i. A function J : R —>Lis a fuzzy ideal if and only if 

J (x-y) >J (x) Aj(y) and 
J (xy) >J(x) v J(y). 

ii. IfJ: R —>Lis a fuzzy ideal then 

(a) J (0) >J(x) >J(1) for all x e R. 

(b) J (x-y) = J (0) implies J(x) = J(y) for all x, y e R 

(c) The level cuts J a = {xe R\j(x)> a] are ideals of R. Conversely if each 
J a is an ideal then J is a fuzzy ideal. 
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Proof: Please refer [61-64]. A strict level cut J a = J a ={xeR |j(x) > a} need not be 
an ideal unless of course L is totally ordered. 

The following result can also be obtained as a matter of routine. 

Theorem 1 . 4 . 72 : Iff : R —>R' is a homomorphism of rings and J : R —>L and J' : R' 
—>L are fuzzy ideals, then 

i. f (J') is a fuzzy ideal which is constant on her f and 

U. rY-w = 

iii. f(J) is a fuzzy ideal, 
iy. ff~ 1 (J)=J'. 

v. if J is constant on kerf thenf {j J(0 )) = f (J )f(j)(o f > ■ 

vi. If J is constant on kerf thenf 1 (f(J)) = J. 

Theorem (Correspondence Theorem): If f: R — > R ' is an epimorphism of rings, 
then there is one to one correspondence between the ideals of R ’ and those of R which 
are constant on kerf If J is a fuzzy ideal of R which is constant on kerf, thenf (J) is 
the corresponding fuzzy ideal of IP. If J' is a fuzzy ideal of R', then f 1 (J) is the 
corresponding fuzzy ideal of R. 

Proof: Refer [61]. 

Now we proceed on to recall the definitions of prime fuzzy ideals, primary fuzzy 
ideals and semiprime fuzzy ideals and also some of it basic properties. For more about 
these concepts please refer [61-64]. 

By a prime fuzzy ideal we mean a non-constant fuzzy ideal P : R — > L satisfying the 
following condition of primeness 

P (xy) = P(x) or 

P(xy) = P(y) for all x, ye R. 

Theorem 1 . 4 . 73 : IfP: R —>L is a prime fuzzy ideal, then the set P(R) of membership 
values of P is a totally ordered set with the least element P(l) and the greatest 
element P(0). 

Theorem 1 . 4 . 74 : A fuzzy ideal P: R —>L is prime if and only if every level cut P a = 
(x g R | P(x) > a} is prime for all a >P(1) For a= P(l) , P a = R. 

Theorem 1 . 4 . 75 : Let Z be a non-empty subset of R. Z is a prime ideal of R if and 
only if X- • d is a prime fuzzy ideal. 

Theorem 1 . 4 . 76 : Let R be a principal ideal domain ( PID ). IfP : R —> L is a prime 
fuzzy ideal and Pp ( o) A 0, then P (R) has two elemen ts. P is properly fuzzy if and only 
if P(R) has three elements. We see a properly fuzzy prime ideal of a PID R is 
equivalent to the fuzzy ideal P : R —>L of the following type: 



59 




P(O) = I, 

P (x) = a 

for all x € P i \ {0}. P(x) = 0 for all x e R \ Pj where Pi is a prime ideal of R and 0 < 
a<l. 

Definition 1.4.9: A finite strictly increasing sequence of prime ideals of a ring R, Po 
cr Pi a Pi a ...a P n is called a chain of prime ideals of length n. The supremum of 
the lengths of all chains is called the dimension of R . 

Definition 1.4.10: Let R be a ring. Then v{ \P(R) | / P: R —> [0, 1] is a prime fuzzy 
ideal} is called the fuzzy dimension of R. 

Theorem 1.4.77: 

i. The dimension of R is n(<°°) if and only if its fuzzy dimension is n + 2. 

ii. An artinian ring has no properly fuzzy prime ideal. 

Hi. A Boolean ring has no properly fuzzy prime ideal. 

The following results are relation on homomorphism and epimorphism of rings. 

Theorem 1.4.78: 

i. Let f : R —> R' is an epimorphism of rings. If P: R —> L is a prime fuzzy 
ideal which is constant on kerf then f (P) : R' —>L is a prime fuzzy ideal. 

ii. Iff : R —> R' is a homomorphism of rings. If P' : R' —> L is a fuzzy prime 
ideal thenf 1 (P) is a prime fuzzy ideal ofR. 

Hi. Let f:R —>R' be an epimorphism of ring. 

(a) Let P : R —> L be a fuzzy ideal which is constant on ker f. Then P is 
prime if and only if f(P) : R' —>L is prime. 

(b) Let P' : R' —> L be a fuzzy ideal. Then P' is prime if and only if 
f 1 (P) : R —>L is prime. 

The proof can be got by simple computations and hence left for the reader as exercise. 
Now we proceed on to give the definitions of primary fuzzy ideals of a ring. 

Definition [149]: A fuzzy ideal Q : R —>L is called primary if Q(xy) = Q(0) implies 
Q(x) = Q(0) or Q(y n ) = Q(0) for some integer n >0. 

Definition [77]: A fuzzy ideal Q : R —> L is called primary, if either Q is the 
characteristic function of R or 

i. Q is non-constant and 

ii. AoBciQ=>A<^Q or Be: ~Jq is the intersection of all prime fuzzy 
ideals. 

Definition [146]: A fuzzy ideal Q : R —>L is called primary, if 
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i. Q is non-constant and 

ii. for all x, y e R and r, s e L if x, y e Q then x r e Q or y" e Q for some 
positive integer n. 

Definition 1.4.11: A fuzzy ideal Q : R —> L is called primary if Q is non-constant 
and for all x, y e R, Q(xy) = Q(x) or Q(y n ) for some positive integer n. 

Theorem 1.4.79: 

i. Let Q be an ideal of R. The characteristic function Xo Is a primary fuzzy 
ideal if and only if Q is a primary ideal. 

ii. If Q : R —>L is primary then its level cuts Q a = {xe R / Q(x) > a}, a e L, 
are primary. 

Hi. Every prime fuzzy ideal is primary. 

Proof: Left for the reader to prove. 

As in case of prime ideals and its relation with epimorphism and homomorphism, we 
give here without proof the relation of primary ideals and the epimorphism and 
homomorphism. 

Theorem 1.4.80: 

i. Let f : R —>R' be an epimorphism of rings. If Q : R —>L is a primary fuzzy 
ideal of R which is constant on kerf then f(Q) is a primary fuzzy ideal of 
R'. 

ii. Let f : R —> R' be a homomorphism of rings. If Q' : R' —> L is a primary 
fuzzy ideal of R' then f (Q) is a primary fuzzy ideal of R . 

Hi. Let f : R —>R' be an epimorphism of rings and Q: R —>L and Q' : R' —>L 
be a fuzzy ideals. 

(a) Q' is primary if and only if f (Q) is primary. 

(b) If Q is constant on kerf then Q is primary if and only iff (Q) is 
primary. 

Now we proceed on to define the notion of weak primary fuzzy ideals. 

DEFINITION 1.4.12: A fuzzy ideal J: R —>L is said to be weak primary or in short w- 
primary if J(xy) = J(x) or J(xy) < J(y\ ) for some integer n > 0. 

Theorem 1.4.81: Every primary fuzzy ideal is w-primary. In particular, every prime 
fuzzy ideal is w-primary. 

Proof: Direct by the very definitions, hence left for the reader to prove. 

We give the following two nice characterization theorems. The proofs are left for the 
reader as an exercise. 
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THEOREM 1.4.82: A fuzzy ideal is w-primary if and only if each of its level cuts is 
primary. 

THEOREM 1.4.83: Let Q be an ideal of R. The characteristic function Xo is w-primary 
if and only if Q is primary. 

Finally we give the following result the proof of which is easy by simple 
computations. 

THEOREM 1.4.84: Letf: R —> R' be a homomorphism of rings, and Q : R —> L and 
Q' : R' —>L be fuzzy ideals. 

i. If (j) is w-primary then so is f (Q). 

ii. Let f be an epimorphism. Then Q is w-primary if and only if f(Q) is 
w-primary. 

iii. Let f be an epimorphism then Q' is w-primary if and only iff (Q) 
is w-primary. 

Let I be an ideal of R, nil-radical defined as yfl = { x e R \ x" e I,n >0} . 

Definition [61-64]: If J : R —> L is a fuzzy ideal, then the fuzzy set 
yfj : R — > L defined as -Jj (x) = v{J(x")\n>0} is called the fuzzy nil radical of J. 

This is proved by simple techniques. 

Theorem 1.4.85: 



i. 

ii. 

iii. 



iv. 



If J : R —>Lis a fuzzy ideal, then fj is a fuzzy ideal. 

If I is an ideal of R, then ^Jx) = Xyj ■ 

For any 0 < a < 1 and a fuzzy ideal J : R —> L, [fiJ ) a = Jjf where 
L is a totally ordered set, J a =(x e R I J( x ) > a) and 



yj ) a = {t e R / yjj(x) > a}. 

In case of non-strict level cuts Jjf c [yfj ) a 



Using these results and definitions the reader is assigned the task of proving the 
following theorem. 

Theorem 1.4.86: 



i. If f : R —> R' is an epimorphism of rings and J : R —> L is a fuzzy ideal, 
then /(>/j)cz yjf(J). Further if J is constant on ker f then 
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ii. Iff : R —> R' is a homomorphism of rings and J' : R' —>L is a fuzzy ideal 

then f~ l (y[7 ) = ^f-'(J') . 

The following theorem is a direct consequence of the definition. 

THEOREM 1.4.87: If J : R —> L and K : R —> L are fuzzy ideals, then the following 
hold: 



i. = 

ii. If J czK, then ~Jj cz Jk . 

iii. y[j~nK = yfj n ~J~K . 

iv. If J : R —>Lis a fuzzy ideal with supremum property then Jj i ~ = {jj) a ■ 

v. If P : R —>L is prime then ~J~P = P . 

vi. If Q : R —>L is a primary fuzzy ideal with supremum property then ~JQ is 
the smallest prime fuzzy ideal containing Q. 

vii. If L is a totally ordered set and Q : R —> L is a primary fuzzy ideal, then 
y[Q is the smallest prime fuzzy ideal containing Q. 

Now we recall the notion of prime fuzzy radical. 

Definition 1.4.13: Let J : R —> L be a fuzzy ideal and P : R —> L denote a prime 
fuzzy ideal containing J. The fuzzy ideal r (J) = n {P / J cz Pj is called the prime fuzzy 
radical of J. 

Using the definitions the reader is expected to prove the following two theorems 

Theorems 1.4.88: 

i. If J: R —>L is a fuzzy ideal, then ~Jj <zr(J). 

ii. IfL is a totally ordered set and J: R —>L is a fuzzy ideal then -J~J £ r( J ) . 

Definition 1.4.14: A fuzzy ideal S: R —>L is called semiprime fuzzy ideal if S(x~) = 
S(x) for all x e R. 

The following results are left as an exercise for the reader to prove. 

Theorem 1.4.89: 

i. Let S : R —>L be a fuzzy ideal, S is semiprime if and only if its level cuts, 
S a =(xe R\ S( x ) > a) are semiprime ideals of R, for all a e L. 

ii. Let S be an ideal of R . S is semiprime if and only if its characteristic 
function Xs is a semiprime fuzzy ideal of R. 

iii. Let f : R —> R' be a homomorphism. If S' : R' —> L is a semiprime fuzzy 
ideal of R thenf (S') is a semiprime fuzzy ideal of R. 
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iv. Let f : R —> R' be an epimorphism and S : R —> L be a semiprime fuzzy 
ideal of R which is constant on kerf Then f(S) is a semiprime fuzzy ideal 
of R'. Thus by the correspondence theorem between semiprime fuzzy ideals 
of R' and those of R which are constant on the kernel of f 

v. Every prime fuzzy ideal is semiprime fuzzy ideal. 

vi. Intersection of semiprime fuzzy ideal is a semiprime fuzzy ideal. In 
particular intersection of prime fuzzy ideals is a semiprime fuzzy ideal. 

vii. IfS : R —>L is a semiprime fuzzy ideal, then the quotient ring R/S is prime. 

Now we formulate certain equivalent condition of a fuzzy ideal. The proof of these 
relations is omitted. 

Theorem 1.4.90: IfS: R —>L is a fuzzy ideal then the following are equivalent 

i. S is semiprime. 

ii. Each level cut of S is semiprime. 

Hi. Six' 1 ) = x for all integers n >0 and x e R. 

iv. J~ czS implies J c;S for all fuzzy ideals J : R —>L. 

v. J" czS for n >0 implies J c:S for all fuzzy ideals J : R —>L. 

vi. S = ~js where -J~S is the fuzzy nil radical of S when L is totally 
ordered each of the above statements is equivalent to the following: 

a. S coincides with its prime fuzzy radical. 

b. S = n{P/PeC} where C is a class of prime fuzzy ideals. 



1.5 Fuzzy birings 

In this section we just introduce the notion of birings and fuzzy birings. The very 
concept of birings is very new [135] so the notion is fuzzy birings is defined only in 
this book. So we first give some of the basic properties of birings and then give the 
fuzzy analogue of it. As the main aim of this book is to introduce the notion of 
Smarandache fuzzy algebraic structures we do not stake in discussing elaborately the 
concepts other than Smarandache structures. 

Definition 1.5.1: A non-empty set (R, +, •) with two binary operations ‘+ ’ and is 
said to be a biring ifR = R/ uRj where Ri and IT are proper subsets of R and 

i. (Ri , +, •) is a ring. 

ii. (Rj , +, •) is a ring. 

Example 1.5.1: Let R = {0, 2, 4, 6, 8, 10, 12, 14, 16, 3, 9, 15} be a non-empty set. (R, 
+, •) where ‘+’ and •’ are usual addition and multiplication modulo 18. Take Ri = {0, 
2, 4, 6, 8, 10, 12, 14, 16, } and R 2 = {0, 3, 6, 9, 15, 12}; clearly (Ri, +, •) and (R 2 , +, 
•) are rings. 

A hiring R is said to be finite if R contains only finite number of elements. If R has 
infinite number of elements then we say R is of infinite order. The hiring R given in 
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example 1.5.1 is of finite order and has 12 elements. We denote the order of R by 
I R I or o(R). 

Definition 1 . 5 . 2 : A biring R = Rj uRj is said to be a commutative biring if both Ri 
and R2 are commutative rings. Even if one of Ri or R2 is not a commutative ring then 
we say the biring is a non-commutative biring. We say the biring R has a monounit if 
a unit exists which is common to both Ri and R2. If Ri and R2 are rings which has 
separate unit then we say the hiring R = Ri UR2 is a biring with unit. 

It is interesting to note that the hiring given in example 1.5.1 has no units but is a 
commutative hiring of finite order. 



Example 1.5.2: Let R 2x2 denote the set of all 2 x 2 upper triangular matrices with 
entries from the ring of integers Z i.e. 



r 



R2x2 : 



IV 



a b 
0 c 



x 0 
y z 



x,y,z, a,b,ce Zl. 



R is an infinite non-commutative hiring with monounit. 
For take R = Ri u Ri where 



^a 

v° c J 



a,b,ce Z 



is a non-commutative ring with 



Lx2 - 



f 1 cfr 

v 0 1, 



as the unit 



R 2 = 



x 0 

y z 



x,y,z e Z 



is a non-commutative ring with 



Lx2 



0" 



as the unit. Thus R = Ri u R 2 is a hiring with I 2x2 as a monounit. 

Definition 1 . 5 . 3 : Let R = Rj UR2 be a hiring. A non-empty subset SofR is said to 
be a sub-biring ofRifS = Si US2 and S itself a biring and Si = Ri n S and S2 = Rj 
5. 
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Example 1.5.3: Let R = Ri u R 2 be a biring given in example 1.5.2. Take S = Si u S 2 
where 



and 



^0 CC 

v a 0 j 



aeZ 



S 2 



^0 a^ 

v o o y 



aeZ 



Clearly S is a sub-biring of R. 



The following theorem is very important which is a characterization theorem. 



Theorem 1 . 5 . 1 : Let R be a biring where R = Ri uRj. A non-empty subset S = Si u 
S2 of R is a subring of R if and only if Ri n S = Sj and Rj n S = S2 are sub-biring of 
Ri and R2 respectively. 

Proof: Straightforward by the very definitions. 



Definition 1 . 5 . 4 : Let R = Rj UR2 be a biring. A non-empty subset I of R is said to 
be a right bi-ideal of R if I = L u I2 where L is a right ideal of Ri and I 2 is a right 
ideal of R2. I is said to be a left bi-ideal ofRifI = Ii uL are left ideals of R/ and R2 
respectively. 

If I = Ii UI2 is such that both Land L are ideals ofRi and R2 respectively then we say 
I is a bi-ideal of R, then we say I is a bi-ideal of R. Now it may happen when I = L u 
I 2 , L may be a right ideal of R 1 and L may be a left ideal of R2 then how to define 
ideal structures. 



For this case we give the following definition. 

Definition 1 . 5 . 5 : Let R = Ri UR2 be a hiring. We say the set I = L UI2 is a mixed 
bi-ideal of R if 1 1 is a right ideal of Ri and I 2 is a left ideal of R2. Thus we see only in 
case of birings we can have the concept of mixed bi-ideals i.e. an ideal simultaneously 
having a section to be a left ideal and another section to be right ideal. 

Example 1.5.4: Let R = Ri u R 2 be a biring given in example 1.5.2 Take I = L u I 2 
where 



a 0 
b 0 



a, be Z 



I 2 



0 x 
0 0 



xe Z 



are left ideals of Ri and R 2 respectively. Thus I is a left bi- ideal of R. 
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Now take J = Ji u J2 where 



is a right ideal of Ri and 



Ji 



A) ()'' 

v a b. 



a, be Z 



h = 



0 b 
0 0 



be Z 



is right ideal of R2 so J is a right bi-ideal of R. 
Take K = Ki u K2 where 



and 




0 ^ 

0 



a, be Z 



K 2 



A) 

0 0 



be Z 



are left and right ideals of Ri and R2 respectively; so K is a mixed bi-ideal of R. 

Definition 1 . 5 . 6 : Let R = R/ u Rj be a biring. A bi-ideal I = Ii u b is called a 
maximal bi-ideal of R if 1 1 is a maximal ideal of Ri and I 2 is a maximal ideal of Rj. 
Similarly we can define the concept of minimal bi-ideal as J = Ji u J2 is a minimal 
ideal if Ji is a minimal ideal of Ri and J2 is a minimal ideal of R2. It may happen in a 
bi-ideal. I of a ring R = Rj UR2 that one of // or I 2 may be maximal or minimal then 
what do we call the structure I = Ii u I 2. We call I = Ij uL a bi-ideal in which only // 
or h is a maximal ideal as quasi maximal bi-ideal. Similarly we can define quasi 
minimal bi-ideal. 



We call a bi-ideal 1 = 1 / uL to be a prime bi-ideal ofR = R/ UR2 the biring if both // 
and I 2 are prime ideals of the rings Ri and R2 respectively. 

Definition 1 . 5 . 7 : Let R = Ri UR2 and S = Si US2 be two subrings. We say a map <p 
from R to S is a biring homomorphism if <p = (pi u (p2 where <j)i = (p\ Ri from Rj to Si 
is a ring homomorphism and (pi : (p \ R2 is a map from R2 to S2 is a ring 
homomorphism. We for notational convenience denote by (f) = (pi u (j>2 though this 
union ‘u’ is not the set theoretic union. We define for the homomorphism (p : R —> S 
where R = R/ UR2 and S = Si US2 are birings the kernel of the homomorphism (pas 
biker <p = ker (pi uker (p2 here ker <pi = {ai e Ri / (pi(ai) = 0 } and ker (p2 = {a2 € R2 
/ <p2(a 2 ) = 0 }. 



The following theorem is straightforward hence left for the reader to prove. 
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Theorem 1.5.2: Let R = Ri u Rj and S = Si u S 2 be two birings and </> a biring 
homomorphism from R to S then biker (j) = ker </>i uker is a bi-ideal of the biring R. 

We may have several other interesting results but we advise the reader to refer [135]. 
Now we proceed on to define fuzzy birings and give some basic and important results 
about them. 

Definition 1.5.8: Let (R = Ri uRj, +, •) be a biring. The map p : R —> [0, 1] is 
said to be a fuzzy sub-biring of the biring R if there exists two fuzzy subsets pi (of Rf 
and P 2 (of R 2 ) such that 



i. (jUi , +, •) is a fuzzy subring of (Ri , +, •) 

ii. (p. 2 , +, •) is a fuzzy subring of (R 2 , +, *) 

iii. p = pi upj. 

THEOREM 1.5.3: Every t-level subset of a fuzzy sub-biring p of a biring R = Ri UR 2 
need not in general be a sub-biring of the biring R. 

Proof: The reader is requested to prove by constructing a counter example. 

Definition 1.5.9: Let (R = Ri UR 2 , +, *) be a biring and p (= pi u P 2 ) be a fuzzy 
sub-biring of the biring R. The bilevel subset of the fuzzy sub-biring p of the biring R 
is defined as G’ u = G‘ lfl] u G‘ 2ju for every t e { 0 , min { pfiO ), Pzfi)}. 

The condition t e {0, min { pfiO ), pz(0)}. is essential for the bilevel subset be a sub- 
biring for if t £ {0, min {pi(0), P 2 ( 0 )} then the bilevel subset-need not in general be a 
sub-biring of the biring R. 

Definition 1.5.10: A fuzzy subset p of a ring R is said to be a fuzzy sub-biring of the 
ring R if there exists two fuzzy subrings pi and P 2 of p (pi ^ p and P 2 # p) such that p 
= pi up 2 . 



Theorem 1.5.4: Every fuzzy sub-biring of a ring R is a fuzzy subring of the ring R 
and not conversely. 

Proof. Follows by the very definitions. 

It is however left for the student to prove that the converse of the above theorem is not 
true. 

Definition 1.5.11: A fuzzy subset p = pi u P 2 of a biring R - R/U R 2 is called a 
fuzzy bi-ideal of Rif and only if pi is a fuzzy ideal ofRi and P 2 is a fuzzy ideal of R 2 . 

Definition 1.5.12: A fuzzy subset p = pi u P 2 of a biring R = RjU R 2 is a fuzzy sub- 
biring (fuzzy bi-ideal) of R if and only if the level subsets p, , t e Im (p) = Impi u 
Inipi are subrings or ideals of R 1 and R 2 . 
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Definition 1.5.13: Let p and 0 be any two fuzzy bi-ideals. R = RjuRj, (p = pi u P 2 
and 0= 0i u 02). The product p o 0 

of p and 0 is defined by 

(p o0)= sup ( min (min pfy 1 ),0 1 (z 1 ))) u Slip (min( p 2 (y fi,0 2 (z f ))) 

x I =I.y i x i x 2 = 'Ly J z J 



It can be easily verified that po0is a fuzzy bi-ideal ofR= RjuRj. 

Definition 1.5.14: A fuzzy bi-ideal p = pi u p 2 of a biring R = R/U R 2 is called 
fuzzy prime if the bi-ideal p t = (pi)t u (Pi)t where t = pi (0) and t =p 2 (0) is a prime 
ideal ofRi and R 2 respectively. 

Definition 1.5.15: A non-constant fuzzy bi-ideal p = pi u P 2 of a biring R = R 1 UR 2 
is called fuzzy prime if for any two bi-ideals <7 and 0 of R the condition <7 0 7 p 
either o 7 p or 0 7 p (where 0= 0i u 02 and <7= <7i u 02 by Gap we mean Oj cr p/ 
and <72 cz P 2 similarly O0 7 p implies <T; 0i 7 pi and 0202 7 P 2 ). 

Theorem 1.5.5: 

i. If p = pi u P 2 is a fuzzy prime bi-ideal of a biring R = R/U R 2 then the 
ideal p, = (pi u p^t ~ (Pi)t 7 (P 2 ), , t = pfiO) that is t = pfiO) and t = 
pz(0) is a prime bi-ideal ofR= R 1 UR 2 . 

ii. A bi-ideal P = P 1 UP 2 of a biring R = R 1 UR 2 , P A R is prime if and only if 
Xp (Xp I s th e characteristic function of P i.e. Xp = ( X Pl 7 X p ,) I s a fuzzy 
prime bi-ideal of R. 

Theorem 1.5.6: A non-constant fuzzy bi-ideal p = pi u P 2 of a biring R = R 1 UR 2 is 
fuzzy prime if and only if card Im pi = 2 and card Imp 2 = 2, 1 e Im pi and 1 e Im P 2 
and the ideal (pfit and (P 2 ) t where t = pi (0) and t = P 2 (0) is prime. 

Proof: Follows as in case of ideals as each of (li, i = 1,2 are non-constant fuzzy ideals 
so is |i = (ii u ( 12 - 

Definition 1.5.16: Let R = R 1 UR 2 be a biring. Let p s and p, be two level sub-birings 
and level bi-ideals (with s < t) of a fuzzy sub-biring (fuzzy bi-ideal), p of a biring R 
are equal if and only if there is no x in R such that s < p(x) < t (that is s < pfixi) < t, 
s < P 2 (x 2 ) < t, xi e Rj and X 2 £ R 2 )- 

The following theorem is left as an exercise for the reader. 

Theorem 1.5.7: Intersection of any family of fuzzy sub-birings (fuzzy bi-ideals) of a 
ring R is a fuzzy sub-biring (fuzzy bi-ideal) of R. 
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Proof: (I; : R — > [0, 1] where R = RiU R 2 and (I, = (in u (la each (in is a fuzzy subring 
of Ri (la is a fuzzy sub-biring of R 2 then by usual results on fuzzy ideals we see 
intersection of (lij is a fuzzy subring of fuzzy ideal for j = 1,2. 

Theorem 1 . 5 . 8 : If /a is a fuzzy bi-ideal of a hiring R = R/uRj. Then p + p = p. 

Proof: The result follows as in case of fuzzy ideal. 

Theorem 1 . 5 . 9 : If p is any fuzzy sub-biring and Ois any fuzzy bi-ideal of a biring R 
= R 1 u IT. Then p n 9 is a fuzzy bi-ideal of the biring p, = { x € R / p(x) = p(0)}. 
[ju(x) = fl(0) will mean for all x e Ip , fli(x) = jUi(O) and for all x e R 2 , pi(x) = RifO)]. 

Theorem 1 . 5 . 10 : Let p be any fuzzy subset of a bifield F = Fj u F 2 . Then jit = pi u 
P 2 is a fuzzy bi-ideal ofFif and only if p (x) = p (y) < p( 0) for all x, y e F \ {0}. (i.e. 
Pi (x) = /// (y) < /Ji (0) for all x, y e F )\ {0} and H 2 (x) = H 2 (y) < P 2 (0) for all x, v e 
F 2 \{0}). 

Proof: Follows as in case of ideals in fields. 

Theorem 1 . 5 . 11 : Let R = R 1 UR 2 . be any hiring . Then R is bifield if and only if ju(x) 
= jj(y) < jU(O) where // is any non-constant fuzzy bi-ideal of R andx, y e R \ {0}. 

Proof. Follows as in case of rings. 

Theorem 1 . 5 . 12 : If /a = /// u //? is any fuzzy sub-biring (fuzzy bi-ideal) of a biring R 
= Ri UR 2 and if ju(x) < /A(y) for some x, y e R then ju(x - y) = ju(x) = jl(y - x). 

Proof: Left as an exercise for the reader to prove. 

Definition 1 . 5 . 17 : Let // = //; u H 2 be any fuzzy subset of a hiring R = R 1 UR 2 . The 
smallest fuzzy sub-biring (fuzzy bi-ideal) of R containing // is called the fuzzy sub- 
biring (fuzzy bi-ideal ) generated by // in R and is denoted by (fl) = (Hi ) u (H 2 ). 

Theorem 1 . 5 . 13 : Let // = /// u /U 2 be any fuzzy subset of a biring. Then the fuzzy 
subset jU* of R = Ri u R 2 defined by ju*(x) = sup {k / x e (Hk ) } ( p fx) = fl/ fx) u 
fl 2 * (x)) is a fuzzy sub-biring (fuzzy bi-ideal) generated by fd in R according as (jlk ) is 
the sub-biring (bi-ideal) generated by in R. (In other wards p* (x) = t when ever x e 
(Pk ) and x g (p s ) for all s > t). 

We just define for any fuzzy bi-ideal p = Pi u P 2 of a biring, R = Ri u R 2 with t = 
p(0). Then the fuzzy subset p of R/p, is defined by p (x + p t ) = p(x) for all x e R is a 
fuzzy bi-ideal of R/p t . 
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( Now R/ il , = ' - — = 

(H),v(n t ) 2 (H), (11)2 

so that fi ( x + ju t ) = ju* u ju* 2 = fi(x) 

= n t ( x)u fl 2 ( x ) where 
= ju* (x + (n t )]) = Hi(x) for xe R } and 

= 1*1 ( x + (f* t h ) = f* 2 ( x ) f° r x e R 2 )■ 

Definition 1.5.18: Let fi = fij u fi 2 be any fuzzy bi-ideal of the hiring R = Riu R 2 . 
The fuzzy subset //* (= (fi x ) 1 u( jU* x )^) of R where x e R/ u R 2 is defined by 

jU* x (r ) = fi(r - x) for all r e R i.e. termed as the fuzzy bicoset determined by x and fu. 



(Here 

M*( r) = (ju* x \(r)u (//* ) 2 (r) = /I 1 (r -x)u fl 2 (r-x) 

where ( f/ x ) 1 (r) = fj.fr -x) where x, r s Rj and ( fi x ) 2 ( r) = ju 2 (r — x) where x, r 

eR 2 ). 

Several results can be got for fuzzy birings as in fuzzy case fuzzy rings by appropriate 
and suitable modifications. 

Note : If (i is a constant on R = Ri u Ri i.e. (I = |li u (I 2 where |li is a constant on Ri 
and ( 0.2 is a constant on R 2 then R = (| 0 , ) 0 and R^^ = (|l 2 Y 0 

with 

= GO » here 

M-o = (M-i)o ^ (M- 2 )o 

Using these definitions the following theorem can be got as a matter of routine. 

Theorem 1.5.14: Let fi be any fuzzy bi-ideal of a biring R = R/ u IT then the 
following holds fl(x) = fl(0) if and only //* = fl 0 where x e R . 



THEOREM 1.5.15: For any fuzzy bi-ideal ft of a hiring R, the following holds good. 
R|(l t = R u where ju(0) = t. 

Now we proceed on to define level bi-ideal fuzzy prime bi-ideal, fuzzy maximal bi- 
ideal and so on and give some interesting results on them. 

Definition 1.5.19: Let fi = fii u fi 2 be any fuzzy bi-ideal of a biring R = R / u R 2 
such that each level bi-ideal fi t te Im ft is prime. If fl(x) < fl(y) for some x, y e R then 
fi(xy) = fi(y) (Here fl(x) < fl(y) => fh(x) < fh(y) if x, y € R, and fl 2 (x) < fl 2 (y) if x, y e 
Ri). 
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Theorem 1.5.16: If p = pi u //? is any fuzzy prime bi-ideal of a biring R = Rj u R: 
then ju(xy) = max (ju(x) , jU(y)) for all x, y e R. 

Proof: As in case of prime ideal we get the proof. 

Now we give a nice characterization theorem, the proof of which is to be supplied by 
the reader. 

THEOREM 1.5.17: If p and Bare any two fuzzy prime bi-ideals of a biring R, then p n 
Bis a fuzzy prime bi-ideal of Rif and only if p cr Bor B cr p . 



(Hint (j, = (Lti u (I 2 , 9 = 6 i u 02 , |i n 0 = (|Xi n 0i) u (p .2 n 62 ), R = RiU R 2 , so |ii c 0i 
(i 2 £ 02 or (ii e 0i or (I 2 £ 02 ; (J-i : Ri — > [0, 1], (I 2 : R 2 — > [0, 1], 0i : Ri -» [0, 1] and 
02 : R 2 [0, 1]). 

Theorem 1.5.18: Let p = pi u P 2 be any fuzzy bi-ideal of a biring R such that I e 
Im p and let B = Bi u Bj be any fuzzy prime bi-ideal of the biring R. Then, p n Bis a 
fuzzy prime bi-ideal of the biring p t = {x e R / p(x) = I}= {xi e Ri Ipi(xi) = 1} u 
{x 2 € Rj / P 2 (X 2 ) = If, where p~ pi u P 2 such that pj : Rj —> [0, 1] and P 2 : R 2 —> 
[0, 1] and Im p = Im pi ulm P 2 . 

Proof: Follows as in case of fuzzy prime ideals. 

Theorem 1.5.19: If p = pi u P 2 is a fuzzy prime bi-ideal of a biring R = Rj u R 2 
then R u is an integral bidomain. 

Proof: Follows from the fact that each of (ii : Ri — > [0, 1] and [L 2 : R 2 — > [0, 1] is such 
that R and R u are integral domains so R M = R u u R Ll is an integral bidomain . 

Theorem 1.5.20: Let p be a fuzzy bi-ideal of hiring R = R/ u R 2 such that Im p = 
{1, 0 } where <7 e [0, 1). If R a is an in tegral bidomain then p is a fuzzy prime bi-ideal. 

Proof: Follows as in case of rings. 

Definition 1.5.20: A fuzzy bi-ideal p of a biring R = R/ UR 2 is called fuzzy maximal 
bi-ideal iflm p= {1, a} where <7 e [0, 1) and the level bi-ideal p t = {x e R /p (x) = 
1} is maximal. 

Theorem 1.5.21: Let p = pi u P 2 be any fuzzy bi-ideal of a hiring R = Ri UR 2 . Then 
p is a fuzzy maximal bi-ideal if and only if R u is a bifield. 

Proof: Straightforward by definitions and using fuzzy ideal analogous of a ring. 

Theorem 1.5.22: Let R be a biring a e [0, 1) andX = {p /pis a fuzzy bi-ideal of the 
biring R with Im p = //, cr}}. Then p e X is fuzzy maximal if and only if for each (5 e 
X either fd cr p or else (p + fd) (y) = 1 for all y e R. 
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Proof: Follows directly from the definitions and results on rings. 

Theorem 1.5.23: Let p = pi u //? and <7 = <7; u 02 any two distinct fuzzy maximal 
bi-ideals of a biring R such that ju(0) = (7(0) and Im p = Im (7 then pn < 7 = per. 

Proof Left as an exercise for the reader. 

Now we proceed on to define fuzzy semiprime bi-ideal of a hiring. 

Definition 1.5.21: A fuzzy bi-ideal p = pi u P 2 of a hiring R = R] u IP is called 
fuzzy semiprime if for any fuzzy bi-ideal 0 of R the condition 6" c: p implies 6 c: p 
where n e Z+. 

Theorem 1.5.24: Intersection of fuzzy semiprime bi-ideals of a hiring R is always a 
fuzzy semiprime bi-ideal of the biring R. 

Proof: Left for the reader as an exercise. 

The following theorem is left as an exercise for the reader. 

Theorem 1.5.25: If p is any fuzzy semiprime bi-ideal of a bring R then R u is free 
from non-zero nilpotent elements. 

Proof: Follows by results as in case of rings. 

Theorem 1.5.26: Let p be any fuzzy bi-ideal of a biring R with Im p = {t, j} such that 
t > j. If the biring R u has no non-zero nilpotent elements then the fuzzy bi-ideal p is 
fuzzy semiprime. 

Proof: Follows by definitions and proofs as in case of rings. 

Definition 1.5.22: Let R = Ri uRj be a hiring R is said to be regular if and only if 
both Ri and Rj are regular rings. 

Theorem 1.5.27: Let R = Ri uRj be a biring; R is regular if and only if every fuzzy 
bi-ideal ofR is idempotent i.e. both Ri and Rj are idempotent. 

Proof: Follows directly by definitions and results on rings. 

Theorem 1.5.28: A biring R = R/uRi is regular if and only if every fuzzy bi-ideal of 
R is fuzzy semiprime. 

Proof: Direct by definitions. 

Next we proceed on to define fuzzy primary bi-ideals and semiprimary bi-ideals of 
birings. 

DEFINITION 1.5.23: A fuzzy bi-ideal p of a hiring R is called fuzzy primary if for any 
two fuzzy bi-ideals <7 and 9 of the hiring R = Ri u Rj the condition a 0 c: Jp and 
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<7 g: /I together imply 0 cc . (Here for any fuzzy bi-ideal p = pi u jl 2 of a biring R. 
The fuzzy nil radical of // symbolized by yfju = yfjU ] u yfjU 2 is defined by ( A fju )(x) = t 
whenever x e *Jjuj , x £ y Jju ~ for all s > t. 



Here we assume 






The following theorem is straightforward and hence left for the reader to prove. 

THEOREM 1.5.29: Every fuzzy prime bi-ideal of a biring R = Rj u R 2 is a fuzzy 
primary bi-ideal of R. 

Thus we are guaranteed of the existence of fuzzy primary bi-ideal in a hiring. 

THEOREM 1.5.30: If p = jUi u lb is any fuzzy primary bi-ideal of a biring R = Ri UR 2 
then /Ll, = (/iff u (H 2 )t, t c Im p is a primary bi-ideal of R. 

Proof Left for the reader as an exercise. 

Theorem 1.5.31: If A = A / u A 2 is a primary bi-ideal of the biring R = Rj u R 2 , 
A #/? then the fuzzy subset fl = /// u lb of R defined by 



and 



Vi(x) = 




if Aj 

if xe R ] \A ] where ac [0,1) 



P 2 ( x ) = 




if xe A 2 

if xe R 2 \ A 2 where ae [0,1) 



p = JUi u lb is a fuzzy primary bi-ideal of R. 

Proof: Follows as in case of rings with simple modifications. 



Now following the results in the above theorems we get the following characterization 
theorem; the proof of which is left for the reader to prove. 

THEOREM 1.5.32: A necessary and sufficient condition for a bi-ideal A = Aj UA 2 of a 
biring R = R/ uRj to be fuzzy primary is that Xa is a fuzzy primary bi-ideal of R. 

THEOREM 1.5.33: If p = pi u lb is any fuzzy primary bi-ideal of a biring R then yfju 
is fuzzy prime. 

Proof Follows as in case of rings with appropriate modification. The fact that a hiring 
Ri u R 2 = R is called primary if the zero ideal of both Ri and R 2 are primary. 
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THEOREM 1.5.34: If p is any fuzzy primary bi-ideal of a biring R = Rj u R 2 , then the 
biring R u = (Ri)ju u (R 2 ) p is primary. 

Proof Straightforward hence left for the reader to prove. 

Theorem 1.5.35: Let p = pi u P 2 be any fuzzy bi-ideal of a biring R = Ri UR 2 such 
that Im p= {1, a} with a< 1. If every zero divisor in Rp is nilpotent then p is fuzzy 
primary. 

Proof: Follows as in case of rings. 

We now present a sufficient condition for a fuzzy bi-ideal to be fuzzy primary. 

Theorem 1.5.36: Let p be any fuzzy bi-ideal of a biring R = Ri u R 2 such that Im p 
= {1, a} with a< 1. If Jp is a fuzzy maximal then p is fuzzy primary. 

Proof: Follows as in case of rings by defining |i t = (|i i ) t u ((I 2 ) t depending on |i = 
(ii u |i 2 as follows: 



m(x) 




if xe (m) t 
if xe RjUmX 



M x ) = 




if X€ (|l 2 ) t 
if xe R 2 \(n 2 ) t 



so that 




if xe t 
if xe 




if xe 

if xe R 2 \ V(ft 2 )t 



yfju = yfp \ 1 u Jp ~ . Using the fact Jp is fuzzy maximal bi- ideal the rest of the 
result follows as in case of rings. 



Definition 1.5.24: A fuzzy bi-ideal p = pi u P 2 of the biring R = Rj u R 2 is called 
fuzzy semiprimary if «Jp = Jp 1 u^~p 2 is a fuzzy prime bi-ideal of the biring R. 



Now we proceed on to give some interesting results on fuzzy semiprimary bi-ideals of 
a hiring. 

THEOREM 1.5.37: If A = A] u A 2 is any semiprimary bi-ideal of a biring R = R/ UR 2 
(R 1 A A 1 , A 2 AR 2 ) then the fuzzy subset p = pi u P 2 of R defined by 
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and 



Pi(x) = 



1 



a 



if xg A, 

if xg R, \ A, where a < 1 



j 1 if xg A 2 
p 2 (x) = < 

[a if xg R 2 1 A 2 where a < 1 

is a fuzzy semiprimary bi-ideal of R. 

Proof. Follows as in case of rings with suitable changes. 

Theorem 1.5.38: If p is any fuzzy semiprimary bi-ideal of a biring R = Rj UR 2 then 
jj t = (fii) t u(pf)t where t e Im p is a semiprimary bi-ideal of R. 

Proof: Left as an exercise for the reader to prove. 

Theorem 1.5.39: A bi-ideal A = A / u A 2 of a biring R = Rj u R 2 is semiprimary if 
and only if Xa is a fuzzy semiprimary bi-ideal of R. 

Proof. Follows from definitions and also using the method of rings we can get the 
proof. 

Theorem 1.5.40: If p = fli u pj is any fuzzy semiprimary bi-ideal of a ring R then 
the biring R u is semiprimary. 

Proof. The result follows by proving the zero bi-ideal of R 4 = R M u R Ll is 
semiprimary. 

Theorem 1.5.41: Let p = pi u //? by any fuzzy bi-ideal of a biring R = Rj UR 2 such 
that Im p = {1, a} where a < 1. If the ring R u is semiprimary then p is a fuzzy 
semiprimary bi-ideal of R. 

Proof. Follows by the very definitions. 

Theorem 1.5.42: If p is any non-constant fuzzy semiprimary bi-ideal of a regular 
biring then Imp = {1, a}, a e [0, 1). 

Proof. Follows directly by the definitions and by routine methods, hence left for the 
reader as an exercise. 

Now we proceed on to define the notions of fuzzy irreducible bi-ideals of a hiring R. 

Definition 1.5.25: A fuzzy bi-ideal p = pi u P 2 of a biring R = Rj u R 2 is called 
fuzzy irreducible if it is not an intersection of two fuzzy bi-ideals of R properly 
containing p ; otherwise p is termed as fuzzy reducible. 
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Theorem 1.5.43: // // = pi u p 2 is any fuzzy prime bi-ideal of a biring R then p is 
fuzzy irreducible. 

Proof. Use the fact (_ii: Ri — > [0, 1] and \iy R 2 — » [0, 1] are fuzzy prime ideals of Ri 
and R? respectively and they are fuzzy irreducible so |i = |i| u |i 2 is fuzzy irreducible. 

Theorem 1.5.44: Let p be any non-constant fuzzy irreducible bi-ideal of a hiring R. 
Then there exists (X e [0, 1) such that 

i. Im p = {1, a} and 

ii. the level bi-ideal {x e R / p(x) = 1} is irreducible. 

Proof. The proof is a matter of routine as in case of rings. Hence it is left for the 
reader as an exercise. 



Theorem 1.5.45: If A = Aj u A 2 is any irreducible bi-ideal of a hiring R, A / X R/ , 
A 2 xRj where R = Ri uR 2 , then the fuzzy ideal p = pi u p 2 of R defined by 



and 



pfx) = 




if re Aj 
if re RfAj 



p 2 (x) = 




if re A 2 
if re R 2 \A 2 



(where p = pi u p 2 ) where cx e [0, 1) is a fuzzy irreducible bi-ideal of the biring R. 
Proof. Straightforward as in case of rings. 

In view of the earlier theorems we have the following nice characterization theorem. 

Theorem 1.5.46: A necessary and sufficient condition for a bi-ideal A = A/ uA 2 of a 
hiring R = R/ uR 2 to be irreducible is that Xa is a fuzzy irreducible bi-ideal ofR. 

Now we give condition for a fuzzy irreducible bi-ideal to be fuzzy prime. 

Theorem 1.5.47: If p = pi u p 2 is any fuzzy bi-ideal of a biring R which is both 
fuzzy semiprime and fuzzy irreducible then p is fuzzy prime. 

Proof. Straightforward, hence left for the reader to prove. 

Theorem 1.5.48: In a regular biring every fuzzy irreducible bi-ideal is fuzzy prime. 

Proof. It is left as an exercise for the reader to prove using earlier results and the 
definition of fuzzy irreducible bi-ideal. 
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We say a biring R = Ri u R2 to be Noetherian if both Ri and R2 are Noetherian rings. 
Every bi-ideal of a Noetherian biring R = Ri u R? can be represented as a finite 
intersection of fuzzy primary bi-ideal of R i.e. every ideal of Riand R2 can be 
represented as a finite intersection of fuzzy primary ideals of R. Now we give a 
condition for a biring R = Ri u R2 to be Noetherian. 

THEOREM 1 . 5 . 49 : If the cardinality of the image set of every bi-ideal of a biring R = 
Ri UR2 is finite then the hiring R is Noetherian. 

Proof: Using the fact that the biring R = Ri u R2 where Ri and R2 are rings, it is 
enough if we can prove that each of Ri and R2 satisfies the Noetherian ring property. 

THEOREM 1 . 5 . 50 : A biring R is artinian if and only if every fuzzy ideal is finite 
valued. 

Proof: As in case of rings the result follows. 

THEOREM 1 . 5 . 51 : If p is any fuzzy irreducible bi-ideal of a Noetherian biring R then 
p is fuzzy primary. 

Proof. Easily follows as in case of rings. 

THEOREM 1 . 5 . 52 : Let p be any fuzzy bi-ideal of a Noetherian hiring R = Ri u Rj 
such that Im p = { 1 , a}, a < 1 . Then p = pj u P2 can be written as a finite 
intersection of fuzzy irreducible bi-ideals of R. 

Proof. Let |i t = (fii)t u ((12)1 = {x e Ri | |li(x) = 1} u { x e R 2 | (l 2 (x) =1}, then by 
hypothesis we have 



fii(x) 




if x e (Hj) t 
if xe R 2 \(|Lt 1 ) t 



M x ) = 




if xe (|l 2 ) t 
if xe R 2 \ ((J-2 ), 



We know that there exists irreducible bi- ideals Ai, A 2 , ..., A n (n < °°) of R = Ri u R 2 
satisfying (i t = Ai n A 2 n . . . n A n where A = Ai u A 2 for i = 1,2, . . . , n so that |i t = 
(M-i)t u (fi2)t where Qii) t = An n A 2 i n ... n A nJ and (|i 2 )t = A i2 n A 22 n ... n A n2 . 
As in case of rings we can define fuzzy bi-ideals (I; = (|li)i u (|l2)i by 



(fil)i( x ) = 



if x e Ajj 
if x e Rj \ A n 



(fi 2 )i( x ) = 



if x e A i2 
if x e R 2 \ A i2 
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1 < i < n. It easily follows each (i, is fuzzy irreducible. Thus (i = (i| n . . . n ji n that is |i 

= (M-n n (J-21 n ... n (i n i) u (|ii2 n (I22 n ... n (i n2 ). 



Now the following theorem can be easily established by any innovative reader. 

Theorem 1.5.53: If p = /// u /Lh is a fuzzy bi-ideal of a Noetherian bi-ring R = Rj u 
Rj such that Im p = { I , a}, a < 1, then p can be expressed as a finite intersection of 
fuzzy primary bi-ideals of the biring R. 

Several more results on fuzzy subrings and fuzzy sub-birings can be obtained; but as 
the main aim of the book is only study on the Smarandache fuzzy algebra, we have 
restrained ourselves from giving several results. Here also only proofs are hinted and 
it is left for the readers to prove. 



1.6 Fuzzy Fields and their properties 

The concept of fuzzy subfield is recalled in this section. For more about fuzzy 
subfield please refer [75, 79]. 

Definition 1.6.1: Let F be a field, A fuzzy subfield of F is a function A from F into 
the closed interval [0,1] such that for all x, y e F 

(A(x-y) >min (A(x), A(y)} and 
A(xy _') >min fA(x), A(y)}; y *0. 

Let A be a fuzzy subset of F and let A? = {x e F / A (x) > A(l)} where 1 denotes the 
multiplicative identity of F. Let K be a subfield of F and let S(F/K) denote the set of 
all fuzzy subfields, A of F such that K cz A^ Here we just recall certain properties of 
field extensions F/K in terms of fuzzy subfields and conversely. 

Let A be a fuzzy subset of the field F. For 0 <t < 1, let A t = {x e F | A(x) > t}. Then 
A?= A t when t = A(l). 

The following results are given without proof for the reader. However the interested 
reader can refer [75], 

Theorem 1.6.1: 

i. If A is a fuzzy subset of F and s, t e Im (A), the image of A, then s <t if and 
only if A s z?A t and s = tif and only if A s = A t . 

ii. If A is a fuzzy subfield of F, then for all x e F, x ^ 0, A(0) >A( I) > A (x) = 
A(—x) = A(x~ J ). 

Theorem 1.6.2: Let A be a fuzzy subset of F. If A t is a subfield of F for all t e Im (A), 
then A is a fuzzy subfield of F. Conversely, if A is a fuzzy subfield of F, then for all t 
such that 0 <t <A(1), A t is a subfield of F. 
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Theorem 1.6.3: Let S be a subset of F such that S' (Cardinality of S) >2. Then S is 

a subfield of F if and only if Xs, the characteristic function of S, is a fuzzy subfield of 
F. 

Recall if K be a subfield of F i.e. F is an extension field of K then the field extension 
is denoted by F/K. S(F/K) denotes the set of all fuzzy subfields A of F such that A* 2 
K and A* is a sub fie Id of F. 

Theorem 1.6.4: Let Fj F 2 a . . . czFj ... be a strictly ascending chain of subfields of 
F such that uF t = F. Define the fuzzy subset A of F by A (x) = U, if x e F, \ Fj-i where 
ti > ti+i for i = 1, 2, ... and F 0 = (/>. Then A is a fuzzy subfield of F. 

Proof: Let x,ye F. Then x-ye F; \ F; _ 1 for some i. Hence either xg F; _ 1 or y g 
Fi _ 1 . Thus A(x - y) = h > min {A(x), A(y)}, similarly A Ixy 1 ) > min {A(x), A(y)} for 
y A 0 . 

Theorem 1.6.5: Let F = Fo Fj zd ... z> F t u ... be a strictly descending chain of 
subfields of F. Define the fuzzy subset A of F by A(x) = L - 1 if x e _ 7 \ F, where U _ 1 
<t\ < 1 for i = 1, 2, ... and A(x) = 1 if x e n Fj. Then A is a fuzzy subfield of F. 

Proof: Direct, hence left for the reader to prove. 

Theorem 1.6.6: Let F / K be a field extension and let B be a fuzzy subfield of K. Let 
r = inf 'B(x) /x € Kj. Define the fuzzy subset A ofFby A (x) = B(x) for all x e K and 
A (x) = m for all x e F \ K where 0 <m <r. Then A is a fuzzy subfield of F. 

Proof: Left as an exercise for the reader to prove. 

The following theorem can be easily proved by any reader. The reader is also advised 
to refer [75] for more information . 

Theorem 1.6.7: LfF is a finite field, then every fuzzy subfield of F is finite valued. 

Theorem 1.6.8: Let F/K be a field extension. Then [F : K] < °° if and only if every A 
e S, (F/K) is finite valued. 

Theorem 1.6.9: 

i. Suppose that F has characteristic p > 0. Then F is finite if and only if every 
fuzzy subfield A of F is finite-valued. 

ii. Suppose that F has characteristic 0. 

Then [F : Q] < 00 if and only if every fuzzy subfield A ofFis finite valued. 

Theorem 1.6.10: Suppose that F/K is finitely generated. Then F/K is algebraic if and 
only if every A e S(F/K) is finite valued. 
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Proof: Left as an exercise for the reader to prove. 

THEOREM 1.6.11: F/K has no proper intermediate fields if and only if every A e 
S(F/K) is three valued or less. 

Proof: Please refer [75]. 

The following theorem which gives equivalent conditions is left as an exercise for the 
reader to prove. 

Theorem 1.6.12: The following conditions are equivalent. 

i. The intermediate fields of F/K are chained. 

ii. There exists C e S (F/K) such that for all A e S (F/K). La £Lq. 

iii. For all A, B £ S (F/K) and for all A, £ La and B s e Lb either A, aB s or B s czA t . 

We give a necessary and sufficient condition for F/K to be simple. 

Theorem 1.6.13: F/K is simple if and only if there exists c £ F such that for all A e 
S (F/K) and for all x e F, A(c) <A(x). 

Proof: Direct by the regular computations. 

Theorem 1.6.14: Suppose that [F : K] < °°. Then the following conditions are 
equivalent. 

i. F/K has a finite number of intermediate fields. 

ii. There exists Ci, Ci, .... C n £ S(F/K) such that for all A e S(F/K). 
L a <zL Ci u • • • u L c . 

iii. There exists c e F such that for all A £ S (F/K) and for all x £ F, A (c) < 
A(x). 

Proof: By the earlier result a 

nd from the theorem in [49]. The result can be easily obtained. 

THEOREM 1.6.15: Let F/K be a field extension where K has characteristic p > 0 and 
let c e F. Then 

i. K(c) / K is separable algebraic if and onlv if for all A £ S (F/K), A(c) = 

A(<?). 

ii. K(c) / K is pinely inseparable if and only if there exists a non-negative 
integer e such that for all A e S (F/K), A(c p ) = A(1 ). 

iii. K(c) / K is inseparable if and only if there exists A e S (F/K) such that A (c) < 
A ((f) and there exists a positive integer e such that for all A e S (F/K) 

A (c pe ) = A(c pe ~‘ ). 

Proof: Left for the reader to find the proof; as the proof does not involve any deeper 
knowledge of algebra or field theory. 
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Now we proceed on to define the concept of fuzzy bifields. The concept of the 
algebraic structure bifields is itself very new [135]. So the notion of fuzzy bifield is 
defined for the first time in this book. We just for the sake of completeness recall the 
definition of bifields. 

Definition 1 . 6 . 2 : A biring (R, +, •) where R = Ri uRj is said to be a bifield if (Rj, 
+, •) and (R 2 , +, *) are fields. If the characteristic of both Ri and R 2 are finite then we 
say R = Rj uRj is a bifield of finite characteristic. 

If in R = Rj uRj one ofRi or Rj is a field of characteristic 0 and one ofR] or R 2 is of 
finite characteristic we do not associate any characteristic with it. If both R / or Rj in 
R = Ri uRi is zero characteristic then we say R is a field of characteristic zero. 

Thus unlike in fields we see in case of bifields we can have characteristic prime or 
characteristic zero or no characteristic associated with it. 

Example 1.6.1: Let R = Zn u Q the field of rationals Q and Zn, the prime field of 
characteristic 1 1 . R is a bifield with no characteristic associated with it. 

Example 1.6.2: Let R = q(V2 )u Q . Clearly R is not a bifield as Qc q(V2 ) . 

Example 1.6.3: Let R = q(V2 )u Q [-J5 ) . Clearly R is a bifield of characteristic 0. 

Example 1.6.4: Let R = Zn u Z 19 ; R is a bifield of finite characteristic. 

Definition 1 . 6 . 3 : Let F = Fj UF 2 be a bifield, we say a proper subset S of F to be a 
sub-bifield if S = Si u S 2 and Si is a subfield of Fj and S 2 is a subfield of F 2 . If the 
bifield has no proper sub-bifield then we call F a prime bifield. 

Example 1.6.5: Let R = Q u Z7, clearly R is a prime bifield. 

Example 1.6.6: Let R = q(V7, \/3)u q(V2, ^fl9). Clearly R is a non-prime bifield 

for the subset Si = q(V?)uq(V 2) and S 2 = q(a/3)u q(a/ 19) are sub-bifields of R. 
Thus R is not a prime bifield. 

Definition 1 . 6 . 4 : Let (D, +, •) with D = Di UD 2 where (Di, +, •) and (D 2 , +, *) are 
integral domains then we call D a bidomain. 

Theorem 1 . 6 . 16 : Let (R, +, •) be a bifield. R = Ri u R 2 . Now (R[xJ, +, •) where 
R[x ] = Rfx] uR][x] is a bidomain. 

Proof: Straightforward hence left for the reader to prove. 

Now having seen the definition of bifield we now define fuzzy bifield. 
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Definition 1.6.5: Let (F = Fj uF 2, +, •) be a bifield, ft : F —> [ 0 , 1 ] is said to be a 
fuzzy sub-bifield of the bifield F if there exists two fuzzy subsets fli (of F\ ) and fl2 (of 
F2 ) such that 

i. (fi\ , +, •) is a fuzzy sub-field of (F ) , +, •). 

ii. (fi2, +, •) is a fuzzy sub-field of ( F2 , +, *)■ 

iii. ft = fh u fl2. 

Definition 1.6.6: Let (F = Fi UF2 , +, •) be a bifield and (S = Si u S2, +, *) be a 
sub-bifield of F. Let B (F/S) denote the set of all fuzzy sub-bifields; A = A] UA2 of F, 
such that Ai? z> Si and A2? z> S 2. We say A e B (F/S) is finite bivalued if the image of 
A 1 is finite and the image of A2 is finite where A = Ai UA2 is a fuzzy sub-bifield. 

Theorem 1.6.17: Let (F = Fi u F2 , +, *) be a finite bifield; then every fuzzy sub- 
bifield of F is finite bivalued. 

Proof: Follows from the definition. 

In view of this we have the following results. 

Theorem 1.6.18: Suppose that (F = Fi u F2 , +, •) has finite characteristic bifield 
(i.e. characteristic of the field Fi is a prime pi >0 and the characteristic of the field 
F2 is a prime p2 > 0 ). Then F is finite if and only if every fuzzy sub-bifield A of F is 
finite valued. 

Proof: Left for the reader to prove, following the steps of finite fuzzy subfield. 

Theorem 1.6.19: 

i. Let A be a fuzzy subset of the bifield F and s, t e Im (A) the image of A 
where A = Ai UA2, then s <t if and only if A s id A, and s = t if and only if 
A s = A t . (that is if (Ai) s z> (A /) , and (A 2 ) s =? (A2 ) t then only we say A s 
z A t , similarly for A s = A,). 

ii. If A is a fuzzy sub-bifield ofF(A = A] UA2 and F = Fi UF2) then for all x 
€ F = Fi ld F 2, x 7^0 we have Afx) > Afl ) >Afx) = A, (—x) = Afx ~ ] ) for i 
= 1 , 2 . 

Proof: Direct as in case of fuzzy fields. 

Theorem 1.6.20: Let A = Ai UA2 be a fuzzy subset of F = Fj u F2 . If A t = (Afi u 
(A2) t is a sub-bifield of F for all t e Im(A)i then A is a fuzzy sub-bifield of the bifield F. 

Conversely if A = Ai UA2 is a fuzzy sub-bifield ofF = Fi UF2 then for all t such that 
0 <t <At ( 1 ), i = 1 , 2 ; A t is a sub-bifield of F. If A is a fuzzy sub-bifield of F, then A t is 
called a level sub-bifield of F where 0 < t <A( 1 ). 
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Theorem 1.6.21: Let S = Si u Si be a subset of the bifield F = Fj uFi i.e. (Sj is a 
subset of F i and S 2 is a subset of Fi) such that 1 > 2 and |.S\ > 2 . Then S is a sub- 
bifield of F if and only if Xs = Xs, u Xs, ' u ' ls J ust on b’ a default of notation , the 
characteristic bifunction of S is a fuzzy sub-bifield of F. 

Proof: Follows as in case of fuzzy fields. 

Definition 1.6.7: Let F = F/ uFi be a bifield. Suppose Si czSi a ...<^S n a ... be a 
strictly ascending chain of sub-bifield of F such that uS, = F where Si = Sn uSafor i 
= 1, 2, ...(i.e. Si = Sn uSn is a sub-bifield) i.e. each Su a S 21 a S 31 a ...czS n i 
is a strictly ascending chain of subfields of Fi and S 12 ci S 22 <^Sn tr . . .<^S n 2 ^ ••• is a 
strictly ascending chain of subfields of F 2 . Define the fuzzy subset A = Ai UA 2 ofF = 
Fi UF 2 by A(x) = ti if x e Sy 1 Sj-p; j = 1, 2; where t, > t i+ i for i = 1, 2, ... and S 01 = (j) 
and S 02 = <p. Then A is a fuzzy sub-bifield of F. 

The proof of the following theorem is left as an exercise for the reader. 

Theorem 1.6.22: Let F = Fi u F2 be a bifield F = So id Si id ... be a strictly 
descending chain of sub-bifields of F. Define the fuzzy subset A = A] u A 2 of F by 
A (x) = ti-i if x e Si-ij \ Sy where L-i < U < 1 for i = 0, 1, 2, ... and A (x) = 1 if 
x e n Sy.j = 1,2 and 0 <i <n. Then A is a fuzzy sub-bifield of F. 

Theorem 1.6.23: Let F/K be a bifield extension and let B be a fuzzy sub-bifield of K. 
Let r = inf (B(x) lx € Kj. Define the fuzzy subset A of F by A(x) = B(x) for all x e K 
and A (x) = m for all x e F\K; where 0 <m <r. Then A is a fuzzy sub-bifield of F. 

Proof: Follows as in case of subfield. 

Thus all results regarding fuzzy sub-bifields can be defined and obtained in an 
analogous way as in case of fuzzy subfields. These concepts will be once again used 
in case of fuzzy bivector spaces. 



1.7 Fuzzy Semirings and their generalizations 

In this section we introduce the notion of fuzzy semirings and fuzzy sub-birings. The 
study of fuzzy k- ideals in semirings started in 1985 [31] followed by several authors. 
Even [19] has studied about it. But the notion of fuzzy bisemirings in literature is 
totally absent. This concept is defined only in this book. Just for the sake of 
completeness we start to give the definition of fuzzy semirings and proceed on. 

An algebra (S, +, •) is said to be a semiring if (S, +) is a semigroup with identity 0 and 
(S, •) is a semigroup, satisfying the following conditions 

i. a»(b + c) = a*b + a»c 

ii. (b + c) • a = b • a + b • a 



for all a, b, c e S. 



84 




A semiring S may have the identity 1 defined byl • a = a • 1 = a and a zero 0 defined 
by 0 + a = a + 0 = a for all a e S and 0*a=a»0 = 0. We say the semiring (S, +, •) is 
abelian if a • b = b • a for all a, b e S. We say the semiring S is strict if a + b = 0 
forces a = 0 and b = 0. Let (S, +, •) be a semiring ifa*b = 0inS implies a = 0 or b = 
0 for a, b e S \ {0} then we say the semiring (S, +, •) is a semidivision ring. 

If (S, +, •) is commutative semiring with no zero divisions which is strict then we say 
(S, +, •) is a semifield. 

Example 1. 7.1: Let Z + u {0} = S. (S, +, •) is a semifield (Z + , set of positive integers). 
Example 1. 7.2: Let 



JVb x 2 




a,b,c,de Z + u{0} 



is a non-commutative strict semiring which is not a semidivision ring. 
Example 1. 7.3: Let 



M-2x2 






be a semiring. M 2x2 is a semidivision ring. 

Example 1.7.4: Let Cn be the chain lattice with 1 1 elements, Cn is a finite semiring 
in fact a finite semifield. 

We denote the order of the semiring S by |S| or o(S), if |S| = °° we say the semiring is 
of infinite order otherwise S is of finite order if |S| < 

Now we proceed on to define left (right) ideal in a semiring. Finally we define left k- 
ideal of the semiring S. 

Definition 1 . 7 . 1 : Let R be a semiring. A non-empty subset I of R is said to be left 
(resp, right) ideal if x, y e I and r e I imply x + y e 1 and rxel (resp. xr e I). If I is 
both left and right ideal if R, we say I is a two sided ideal or simply ideal of R. A left 
ideal I of a semiring R is said to be a left k-ideal if a e I and x e R and if a + xe 1 or 
x + a e I then x e I. Right k-ideal is defined dually and two-sided k-ideal or simply a 
k-ideal is both a left and a right k-ideal. A mapping f : R —> S is said to be a 
homomorphism iff (x + y) =f(x) + f(y) and f(xy) =/ (x) f (y) for all x, y e R. We note 
that if f : R —> S is an onto homomorphism and I is left (resp. right) ideal of R, then 
f(I) is a left (resp. right) ideal of S. 

Now we proceed on to recall the definition of fuzzy ideal of a semiring. 
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Definition 1.7.2: A fuzzy subset p of a semiring R is said to be a fuzzy left (resp. 
right) ideal of Rif p(x + y) >min (p(x), p(y)} and ju(xy) > p(y) (resp. ju(xy) > p(x) ) for 
all x, y € R. p is a fuzzy ideal of Rif it is both a fuzzy left and a fuzzy right ideal of R. 

Definition 1.7.3: A fuzzy ideal p of a semiring R is said to be a fuzzy k-ideal ofRif 
p(x) >min {max {p (x + y), p (y + x)j, p (y)}} for all x, y e R. 

It is left for the reader to prove the following theorem: 

Theorem 1.7.1: Every fuzzy ideal of a semiring is a fuzzy k-ideal. 

Theorem 1.7.2: Let I be a non-empty subset of a semiring R and A i the characteristic 
function of I. Then I is a k-ideal ofRif and only if A] is a fuzzy k-ideal of R. 

Proof: The reader is advised to give the proof as an exercise. 



THEOREM 1.7.3: A fuzzy subset p of R is a fuzzy left (resp. right) k-ideal of R if and 
only if for any t e [0, 1] such that p t A </>, p t is a left (resp. right) k-ideal of R, where 
p t = {x € R / p(x) >tj, which is called a level subset of p. 

Proof: For proof please refer [52]. 



Note that if pi is a fuzzy left (resp. right) k-ideal of R then the set R M = {x e R | p(x) > 
(0.(0)} is a left (resp. right) k-ideal of R. 

Theorem 1.7.4: Let I be any left (resp. right) k-ideal of R. Then there exists a fuzzy 
left (resp. right) k-ideal p of R such that p, = I for some t e [0, 1], 

Proof: If we define a fuzzy subset of R by 

ft ifxel 

p(x) = 1 

[0 otherwise 



for some t <= [0, 1], then if follows that p t = I for a given s e [0, 1], We have 



k(=R) 












if s = 0 
if s < t 
if t < s < 1 



Since I and R itself are left (resp. right) k-ideals of R, it follows that every non-empty 
level subset p s of p is left (resp. right) k-ideal of R. Thus by the earlier theorem p is a 
fuzzy left (resp. right) k-ideal of R proving the theorem. 

Let p and 8 be fuzzy subsets of the semiring R. We denote that p e 8 if and only if 
p(x) < 8(x) for all x e R and p c 8 if and only if p e 8 and p ^ 8. 
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THEOREM 1.7.5: Let p be a fuzzy left (resp. right) k-ideal of R. Then two level left 
(resp. right) k-ideals ju s , p, (with s <t in [0, 1] ) of p are equal if and only if there is 
no x e R such that s < p(x) < t. 

Proof: Suppose s < t in [0, 1] and (I s = |l t- If there exists an x e R such that s < |i(x) < 
t, then (i t is a proper subset of (I s , a contradiction. Conversely, suppose that there is 
no x g R such that s < |u(x) < t. Note that s < t implies (i t c (i s . I f x e |i s , then |i(x) > s 
and so |i(x) > t because |i(x) t. Hence x g \x t and (I s = (I t . This completes the proof. 

For more about these concepts please refer [52], Now for a given fuzzy k-ideal (I of a 
semiring R we denote by Im (|i) the image set of |l. 

Theorem 1.7.6: Let p be a fuzzy left (resp. right) k-ideal of R. If Im(p) = {ti , t 2 , .... 
t n } where ti < 1 2 < ...< t n , then the family of left (resp. right) k-ideals 
p t (i = 1,2,-" , n) constitutes the collection of all left (resp. right) ideals of p. 

Proof. Left as an exercise for the reader and requested to refer [52], 

Now we proceed on to study some more notions. 

Given any two sets R and S, let (I be a fuzzy subset of R and let f : R — > S be any 
function. We define a fuzzy subset 8 on S by 



S(y) = { 



SUp it(x) 

xer'(y) 



[0 



if f ‘(y)*<|>,yG S 
otherwise 



and we call 8 the image of |i under f, written f (|i). For any fuzzy subset 8 on f(R) we 
define a fuzzy subset (i on R by |i(x) = S(f(x)) for all x g R, and we call (I the pre- 
image of 8 under f which is denoted by f '(8). 

THEOREM 1.7.7: An onto homomorphic pre image of a fuzzy left (resp. right) k-ideal 
is a fuzzy left (resp. right) k-ideal. 

Proof: Let f : R — > S be an onto homomorphism. Let 8 be a fuzzy left (resp. right) k- 
ideal on S and let ji be the pre image of 8 under f. Then it was proved that |i is a fuzzy 
left (resp. right) ideal of R. 

For any x, y g 8 we have 

jl(x) = S(f(x)) > min {max {S(f(x) + f(y)), S(f(y) + f(x))}, Sf (y))} 

min {max { S(f (x + y)), 8(f(x + y))}, 8(f(y))} 
min {max { [I (x + y), (I (y + x)}, (i(y)}} 

proving that (I is a fuzzy left (resp. right) k-ideal of R. 
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Theorem 1 . 7 . 8 : Let f be a mapping from a set X to a set Y, and let p be a fuzzy 
subset ofX. Then for every t € (0, 1] (f(p)) , = n 

0<s<t 



Proof: Straightforward, hence left for the reader to prove. 

Theorem 1 . 7 . 9 : Let f : R —> S be an onto homomorphism and let p be a fuzzy left 
(resp. right) k-ideal of R. Then the homomorphic image f(p) of p under f is a fuzzy left 
(resp. right) k-ideal of S. 

Proof: The proof can be got as a matter of routine; hence left for the reader to prove. 

Definition 1 . 7 . 4 : A left (resp. right) k-ideal I of R is said to be characteristic, if f(I) = 
I for all f g Aut (R), where Aut (R) is the set of all automorphisms of R. A fuzzy left 
(resp. right) k-ideal p of R is said to be fuzzy characteristic if p(f(x)) = p(x) for all 
x € R and f e Aut ( R). 

Theorem 1 . 7 . 10 : Let p be a fuzzy left (resp. right) k-ideal of R and letf:R — > R be 
an onto homomorphism. Then the mapping p ' : R — > [0, 1] defined by p '(x) = p(f(x)) 
for all x e R is a fuzzy left (resp. right ) k-ideal of R. 

f" 

Proof: It is a matter of routine once we write ll (x) = ll (f(x)) > min {max {ll (f(x) + 

f(y)),it(f(y) + f(x))},ft(f(y))}. 

The simplifications are direct and simple and hence left for the reader to prove. 

The following theorems are also straightforward hence stated without proof; so that 
the interested reader can do them. 

Theorem 1 . 7 . 11 : If p is fuzzy characteristic left (resp. right) k-ideal of R , then each 
level left (resp. right) k-ideal of p is characteristic. 

Theorem 1 . 7 . 12 : Let p be a fuzzy left (resp. right) k-ideal of R and let x e R. Then 
p(x) = t if and only if x e p, and x £ p s for all s >t. 

We recall the proof of the following theorem. 

Theorem 1 . 7 . 13 : Let p be a fuzzy left (resp. right) k-ideal of R. If each level left 
(resp right) k-ideal of pis a characteristic then p is fuzzy characteristic. 

Proof: Let xeR and f e Aut (R ). If (I (x) = t e [0, 1], then by the just above theorem 
we have x e (l t and x £ (i s for all s > t. 

Since each level left (resp right) k-ideal of |l is characteristic, f(x) <= f(|i t ) = ftt- 
Assume (I (f(x)) = s > t. Then f(x) e (i s = f(|l s ). Since f is one to one it follows that x 
e (l s , a contradiction. Hence (I (f(x)) = t = (I (x) showing that |i is fuzzy characteristic . 

For more about fuzzy semiring properties refer [50, 51, 52, 54]. 
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Now we proceed on to define fuzzy notions on bisemirings. As bisemirings 
themselves are very new much so is the concept of fuzzy bisemiring. Just we recall 
the definitions of them. 



Definition 1.7.5: Let (S, +, •) be a non-empty set with two binary operations '+ ’ 
and '• ’. We call (S, +, •) a bisemiring if 

i. S = Si u Si where both Si and Si are distinct subsets of S, Si at S 2 
and Si at Si. 

ii. (Si, +, •) is a semiring. 

Hi. (S 2 , +, *) is a semiring. 

Example 1.7.5: S = Z° u C? where C2 is a chain lattice of order 2 and Z° is a 
semiring, thus S is a bisemiring. 

Definition 1.7.6: Let (S, +, •) be a bisemiring. If the number of elements in S is 
finite we call S a finite bisemiring. If the number of elements in S is infinite we say S is 
an infinite bisemiring. 

Definition 1.7.7: Let (S, +, •) be a bisemiring. We say S is a commutative 
bisemiring if both the semirings Si and S 2 are commutative otherwise we say the 
bisemiring S is a non-commutative bisemiring. Let (S, +, •) be a bisemiring. We say S 
is a strict bisemiring if both Si and S 2 are strict bisemirings where S = Sj US 2 . Let (S, 
+, •) be a bisemiring if 0 a S be a zero divisor if there exists ay ^0 a S such that 
x • v = 0. We say a bisemiring S has a unit 1 in S if a • 1 = 1 • a = a for all a a S. Let 
(S, +, •) is a bisemiring we say S is a bisemifield if Si is a semifield and S 2 is a 
semifield where S = Si US 2 . If both Si and S 2 are non-commutative semirings with no 
zero divisors then we call S = Si US 2 to be a bisemidivision ring. It is to be noted that 
even if one of Si or S 2 is non-commutative with no zero divisors but other is a 
semifield still S is a bisemidivision ring. 

Example 1.7.6: (S, +, •) is a bisemiring. S = Si u S? where Si = C7 and S2 is the 
lattice given by 




then S is only a bisemiring which is not a semifield. 

Definition 1.7.8: Let (S = Si u S 2 , +, *) be a bisemiring which is commutative and 
has unit element. The polynomial bisemiring is denoted by S[x] = Sfx] uS 2 [x] where 
SfxJ and S 2 [xJ are polynomial semirings. 
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Definition 1.7.9: Let (S, +, *) be a bisemiring. (P, +, •) be a proper sub-bisemiring 
of S. We call P a bi-ideal if for all s £ S and p £ P, sp and ps £ P i.e. P = Pi u Pi 
with Si £ Sj, pi Si and Si pi £ Pi ; i = 1, 2. 



Definition 1.7.10: Let (S, +, •) and (S', +, •) be two bisemirings, where S = Si US 2 
and S' = S'j u S' 2 .We say a map 0 : S —>S' is a bisemiring homomorphism if </>i : Si 
—> S'j and 02 : S 2 — ^ S' 2 is a semiring homomorphism or 0i : Si —> S' 2 and 02 : S 2 —> 
S'j is a semiring homomorphism where we denote 0 just by default of notation as 0 = 
01 U 02. 

As our motivation is to define fuzzy bisemirings as fuzzy bisemirings is not defined 
till date we give importance only to the study of fuzzy bisemirings and Smarandache 
fuzzy bisemirings. 

Definition 1.7.11: (S = Si u S 2 , +, *) is a bisemiring. We say p : S —> [0, 1] is a 
fuzzy bisemiring, p = /// u pj where both pi : Si —> [0, 1] and P 2 : S 2 —> [0, 1] are 
fuzzy semirings. 

Now we proceed on to define fuzzy bi-ideals in a bisemiring. 

Definition 1.7.12: A fuzzy subset p of a bisemiring (S = Si US 2 , +, *) is said to be a 
fuzzy left (resp. right) bi-ideal ofSifp: S—>[0, 1] such that p(x + y) >min (p(x) + 
p(y)}, and p (xy) > p (y) (resp. p (xy) > p (x)) for all x, y e S. p is a fuzzy bi-ideal of S 
if it is both a fuzzy left and fuzzy right bi-ideal ofS = Si US 2 . 

pi : Si—>[0, 1] and 

P 2 : S 2 — ^ [0, 1] where pi and P 2 are fuzzy ideals of the semirings Si and S 2 - 

Definition 1.7.13: A fuzzy ideal p of a bisemiring (S, +, •) is said to be a fuzzy k- 
ideal of S if p (x) >min {{max p(x + y), p(y + x)j, p(y)} for all x, y e S. i.e. p (x) > 
min {max pi (x + y), pfy + x)}, pfy)} u mi n{ max p 2 (x + y), p 2 (y + x)}, P 2 (y)} for all 
x, y e Si (x, y £ S 2 ) where S = Si u S 2 . If S is additively commutative then the 
condition reduces to p(x) >min{p (x + y), p(y)} for all x, y £ S; where p(x) = pfx) u 
P 2 (x) >min { pfy + x)j, pfy)} umin {p 2 (x + y), P 2 (y)} for all x, y £ Si (x, y £ S 2 ). 

Definition 1.7.14: Let l = L UI 2 be a non-empty subset of a bisemiring S = Si US 2 
and A 1 = A l ; u A r the characteristic function ofI = Ii UI 2 . 

(Here Aj the characteristic function of L and A, the characteristic function of I 2 ). 

Then 1 = 1/ UI 2 is a k-bi-ideal ofS = Si US 2 if and only if Ai is a fuzzy k-bi-ideal of S 
= Si uS 2 . 

Now we proceed on to give some interesting results on bi-ideals. 

Theorem 1.7.14: A fuzzy subset p = pi u P 2 of S = Si u S 2 is a fuzzy left (resp. 
right) k-bi-ideal of S if and only if for any t £ [0, 1] such that p, # 0 (p, = (pf t u 
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(H 2 )t) Pt is left (resp. right) k-bi-ideal of S = Si u S 2 where p, = {x e S / p(x) >t} = 
{x € Si / pfx) >t) u {x € S 2 / p 2 (x) ^t} which is called a level subset of p. 

Proof: Follows as in case of semirings, by taking each (li ; i = 1 , 2 . Then as |i = (ii u 
(0.2 we get the desired result. 



THEOREM 1 . 7 . 15 : Let I be any left (resp. right) k-bi-ideal of S = Si u S 2 . Then there 
exists a fuzzy left (resp. right) k-bi-ideal p - pi u P 2 of S = Si u S 2 such that p, = 
(pi) t u(p 2 ) t ; I = Ii ul 2 for some t e [0, 1], 

Proof: If we define a fuzzy subset of S = Si u S2 by (I = |Oi u (I2 

ft if XG Ij 

^ ^ ] 0 otherwise 



M-2 (X) = 



t 



0 



if xe ^ 
otherwise 



for some t e [ 0 , 1 ], then it follows that (j. t = I = Ii u I2. For a given s e [ 0 , 1 ] we have 



(Hl)s 



(M-i)o (=S.) 

^ ( =I i) 

$ 



if s = 0 
if s < t. 
if t < s < 1 . 



The result follows as in case of fuzzy semiring. 



Let (i = (Oi u (I2 and 8 = 81 u 82 be fuzzy subsets of S = Si u S2. We say (i e 8 if and 
only if (|Oi c 81, (i 2 (= 82) if and only if |i(x) < 8(x), (li(x) < 8i(x), |l2(x) < 8 2 (x)) for all 
xe S and (I e 8 if and only if |i e 8 and |l ^ 8. 



Theorem 1 . 7 . 16 : Let p = pi u p 2 be a fuzzy left (resp. right) k-bi-ideal of S = Si u 
S 2 . Then two level left (resp. right) k-bi-ideals p s , p, (with s <t in [0, 1] ) of p = pi u 
p 2 are equal if and only if there is no x e S such that s < p(x) < t (i.e. s < pfx) < t and 
s < p 2 (x) <t) . 

Proof: As in case of semirings. 

Theorem 1 . 7 . 17 : Let p = pi u p 2 be a fuzzy left (resp. right) k-bi-ideal of S = Si u 
S 2 . Iflm p = Im pi ulm p 2 = {ti, t 2 , .... t n } where ti <t 2 < ...<t n , then the family of 
left (resp right) k-bi-ideals p t (i = 1, 2, ■■■, n) constitutes the collection of all level left 

(resp. right) ideals of p = pi u p 2 . 

Proof: Direct and the proof is got as a matter of routine as in case of semirings. 
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Given any two sets R = Ri u R2 and S = Si u S2, let (I be a fuzzy subset of R and let 
f : R — > S be any function f = fi u f 2 where ft : Ri — > Si and ft : R2 — > S2. 



We define a fuzzy subset 8 = 81 u 82 of S = Si u S2 by 



and 



81 (y) 



sup m(x) 

< XG fj _1 (x) 

0 



if f 1 “ 1 (y)^^,yGS 1 
otherwise 



82 



(y) = 



SUp ft 2 (x) 

XEfj'W 



0 



if f 2 _1 (y)^ 4 ),ye S 2 
otherwise 



and we call 8 = 81 u 8 2 the image of (I = |ii u (I2 under f = ft u f 2 written as f(ji) = 
fi(|li) u ft(|l 2 ). for any fuzzy subset 8 on f (R) = ft (Ri) u f 2 (R2) we define fuzzy 
subset |i = |ii u (I2 on R = Ri u R2 by |i(x) = 8f(x) i.e. ji(x) = (i| (x) u (I2 (x) where 
|li(x) = 81 (f (x)) for x e Ri and (I2 (x) = 82 (ft (x)) for xe R2 and we call (I = (ii u (I2 
the pre image of 8 = 81 u 82 under f = fi u f 2 which is denoted by f _ 1 ( 8 ) = ft -1 (Si) u 

f 2 1 (82) • 

Now we state the following theorem on pre image. 

THEOREM 1.7.18: An onto homomorphism pre image of a fuzzy left (resp. right) k-bi- 
ideal is a fuzzy left (resp. right) k-bi-ideal. 

Proof: f : R — > S be an onto homomorphism of the bisemirings R and S where R = Ri 
u R 2 and S = Si u S2 , f = fi u ft . fi : Ri — > Si and ft : R 2 — > S 2 be onto semiring 
homomorphism. Let 8 be a fuzzy left (resp. right) k-bi-ideal on S = Si u S 2 and let |i 
= (Lti u (I2 be the pre image of 8 under f. Then it was proved that |i = |ii u (I2 is a 
fuzzy left (resp. right) bi- ideal of R = Ri u R 2 . For any x,ye S = Si u So we have 
|i(x) = 8(f(x) proving p = p 2 u p 2 is a fuzzy left (resp. right) k-bi-ideal. 

Theorem 1.7.19: Letf=f u fj be a mapping from a set X = Xi uXo to a set Y = Yj 
u Yi and let j .1 = /// u jj .2 be a fuzzy subset X = Xi UX 2 . Then for every t s (0, 1], 



(f(<U)) t = (ffilfh U(f 2 (il 2 )h 



n iMpi ) L u n / 2 ((7 g;L 

_0<s<t J |_0<s<( 



Proof: Follows as in case of semirings. 

Theorem 1 . 7 . 20 : Letf: R -> S(f=f ) uf 2 ,R= Ri uR 2 , S = Si uS 2 J,: R, -> Si ; 
f :R 2 —> S 2 ) be an onto homomorphism, let p = /// u p 2 be a fuzzy left (respectively 
right) k-bi-ideal ofR=Ri uR 2 . Then the homomorphic image f(p) =fi (pi ) uf 2 (p 2 ) 
of ju = pi u p 2 under f=fi uf 2 is a fuzzy left (resp. right ) k-bi-ideal of S - Si uS 2 . 
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Proof: Follows as a matter of routine as in case of semirings. 

Definition 1.7.15: A left (resp. right) k-bi-ideal I = f u b of the bisemiring R = R/ 
uRj is said to be characteristic if f(I) = I i.e.fff) = // and p 2 (b) = bfor all f=fi u 
p 2 £ Aut (R) where Aut ( R) is the set of all automorphism ofR=Ri uRj. A fuzzy left 
(resp. right) k-bi-ideal p = /// u //? of R = Rj uRj is said to be a fuzzy characteristic 
if p(f(x)) = ju(x) (i.e. pi (fi(x)) = pfx); pi (f 2 (x)) = Pz(x)) for all x £ Ri (x £ IP and 
fi e Aut(Ri) andf 2 £ Aut(R 2 ),f=f u f 2 . 

Theorem 1.7.21: Let p = pi u P 2 be a fuzzy left (resp. right) k-bi-ideal of R = Ri u 
Rj and let f : R — > R be an onto homomorphism here f =fi up; f : R / R / and 

p 2 : Rj —>R:- Then the mapping p f : R —> [0, 1J; 

[p{‘ : Rj —> [0, 1] and p{ 2 : R 2 ->[0,1]) 

defined by p r (x) = p(f(x) (where p /' (x ) = pif fx)) and p{ 2 (x) = p^Ofx))) for all x 
£ Ri (orx £ R 2 ) is a fuzzy left (resp. right ) k-bi-ideal ofR=Ri uRj. 

Proof: Follows as in case of semirings. 

Theorem 1.7.22: If p = pi u P 2 is a fuzzy characteristic left (resp. right) k-bi-ideal 
ofR = Ri uRj then each level left (resp. right) k-bi-ideal of p is characteristic. 

Proof: Left for the reader to work as in case of semiring. 

The following theorem is as easy consequence of the above theorem. 

Theorem 1.7.23: Let p = /// u P 2 be a fuzzy left (resp. right) k-bi-ideal of the 
bisemiring ofR = Ri uRj and let x £ R. Then p(x) = t if and only if x £ p t and x £ p s 
for all s >t. (x £ Ri then pfx) = t, x £ (pi) t and x £ (pi) s for all s >t), if x £ R 2 then 
Pi(x) = t, x £ (pf)tandx £ (p 2 ) s for all s >t). 

Proof: Follows as in case of semirings. 

Theorem 1.7.24: Let p = pi u P 2 be a fuzzy left (resp. right) k-bi-ideal of the 
bisemiring of R = Ri u Rj. If each level left (resp. right) k-bi-ideal of p is 
characteristic then p is fuzzy characteristic. 

Proof: Follows as in case of semirings. 

All results can be got in case of fuzzy bisemirings but as the main motivation is only 
study of Smarandache fuzzy semirings we do not exhaust all results regarding the 
fuzzy semirings or fuzzy bisemirings. 

Any matrix A in M n (F) will be called a fuzzy matrix we may call M n (F) a fuzzy 
matrix semiring. Several results can be had in this direction. 
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Further the fuzzy semirings can be utilized in constraint handling rules. For more 
about this please refer [51-54]. All applications of fuzzy semirings can be had from 
other research papers. 



1.8 Fuzzy near-rings and their properties 

In this section we recall the definition of fuzzy near-ring, give some new types of 
fuzzy near-rings and introduce the notion of fuzzy bi near-rings. Also notions like 
Fuzzy near-ring module and fuzzy congruence of a near-ring module are recalled in 
this section. For more about fuzzy near-ring literature please refer [28, 38, 56, 57, 71, 
122, 130]. 

Definition [71]: Let R be a near-ring and N a fuzzy set in R. Then N is called a fuzzy 
near-ring in R if 

i. N (x + y) >min {N(x), N(y)}. 

ii. N (—x) >N (x). 

Hi. N (xy) >min (N(x), N(y)} for all x, y in R. 

DEFINITION [71]: Let R be a near-ring and N a fuzzy near-ring in R. Let Y be a near- 
ring module over R and M a fuzzy set in Y. Then M is called a fuzzy near-ring module 
in Y if 



i. M (x + y) >min (M(x), M(y)}. 

ii. M (Ax) >min { N ( A), M(x)} for all x, y £ Y and A £ R. 

iii. M(0) = 1. 

IfN is an ordinary near-ring then condition (ii) in the above definition is replaced by 

ii(a). M(Ax) >M(x) for all A £ N and for all x £ Y. 

Th e orem [71]: Let Y be a near-ring module over a fuzzy near-ring N in R. Then M is 
a fuzzy near-ring module in Y if and only ifM( A(x) + ju(x)) >min {min (N (A), M(x)}, 
min {N(jU), M(y)}} for all A, ju £ N and for all x, y £ Y. 

IfN is an ordinary near-ring then the above condition is replaced by M (Ax + py) > 
min{{M (x), N(y)} for all x, y £ Y. 

Proof. Left for the reader as an exercise as it can be got directly by the definitions. 

THEOREM [71]: Let Y be a near-ring module over a near-ring R with identity. IfM is 
a fuzzy near-ring module in Y and if A £ R is invertible then M(Ax) = M(x) for all 
X£Y. 

Proof. If X e M is invertible then we have for all x e Y. M(x) = M (X 1 7.x) > M(7.x) 
> M(x) and so M(7.x) = M(x). 
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THEOREM [71]: Let {Mi \ i e 1} be a family of fuzzy near-ring modules in Y. Then 
fl M f is a fuzzy near-ring module in Y. 

iel 



Proof Let M = fl M j ; then we have for all L e R and for all x, ye Y. 

iel 



M(x + y) = inf M i( x + y) 

ie I 



> inf {min{M i (x),M i (y)} 

ie I 



min 



jinf M i( x X inf M i(y) 



min{M(x), M(y)} 



and 

M(Xx) = jnfM^Xx) 

iel 

^ inf ( min { N (^>, M i( x )}} 

i e I 



min 



n(A,), i n f M i( x ) 



ie I 



= min{N(X), M(x)}. 



THEOREM [71]: Let Y and W be near-ring modules over a fuzzy near-ring N in a 
near-ring R and Oa homomorphism ofY into W. Let M be a fuzzy near-ring module in 
W. Then the inverse image 6 1 (M) of M is a fuzzy near-ring module in Y. 



Proof For all x,ye Y and for all X, |i e R, we have 



0 1 (M) (kx + (iy) = 



> 



M(0(Xx + (iy)) 

M(?i0(x) + |i0(y)) 

min{min{N(^),M(0(x))},min{N(|i),M0(y))}} 
min {min {N(X), 0“' (M) (x)} ,min {mi 0 ‘(M) (y) }} 



By earlier theorems 0 *(M) is a fuzzy near-ring module in Y. Hence the theorem. 



We say that a fuzzy set A in M has the sup property if for any subset T of M there 
exists t 0 e T such that 
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A(t 0 ) = SUpA(t). 

te T 



THEOREM [71]: Let Y and W be near-ring modules over a fuzzy near-ring N in a 
near-ring R and Oa homomorphism ofY into W. Let W be a fuzzy near-ring module in 
Y that has the sup property. Then the image 0 (M) of M is a fuzzy near-ring module in 
W. 

Proof Let (I, v eW. It either 0 _1 (|i) or 0 '(v) is empty, then the result holds good. 
Suppose that neither 0 '((l) nor 0 1 (V ) is empty, then we have 0(M)(X(u) + |iV ) = 

SUp M(co) > min {min (N(X) , 0(m) (u)}, min {N(ji) , 0(M) (v)}}. 

cog 0 _1 (A,u+pv) 



Hence the result. 

Throughout the discussion from now on by a near-ring R we mean a system with two 
binary operations addition and multiplication such that 

i. The elements of R form a group under ‘+\ 

ii. The elements of R form a semigroup under multiplication 

iii. x • (y + z) = x • y + x • z for all x, y, z e R. 

An R-module that is near-ring module is a system consisting of an additive group M, 
a near-ring R, and a mapping (m, r) — > mr of M x R into M such that 

i. m (x + y) = mx + my for all m e M and for all x, ye R. 

ii. m(xy) = (mx)y for all m e M and for all x,ye R. 

Definition 1.8.1: An R-homomorphismf of an R-module M into an R-module M' is a 
mapping from M to M' such that (mi + m 2 ) f= mjf + m 2 f and ( mf ) r = (mr) f for all 
m, m 1 , m 2 € M and for all r € R . 

The submodules of an R-module M are defined to be kernels of R- ho mo morphism. 

Theorem [22] : An additive normal subgroup B of an R-module M is a submodule if 
and only if (m + b)r - mr € B for all m e M, b e B and r € R . 

Definition 1.8.2: A relation p on an R-module M is called a congruence on M if it is 
an equivalence relation on M such that (a, b) e p and (c, d) e pimply that (a + c, b + 
d) e pand (ar, br) e pfor all a, b, c, d in M and for all r in R . 

Definition [98] : A non empty fuzzy subset p of an additive group G is called a fuzzy 
normal subgroup of G if 

i. p (x + y) >min {p (x) , p(y)} for all x, y in G. 

ii. p (—x) = p(x) for all x e G. 

iii. p (y + x - y) = p(x) for all x, y in G. 
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Let p be a fuzzy normal subgroup of an additive group G and x e G. Then the fuzzy 
subset x + p of G defined by (x + ft) (x) = ju (y — x) for all y in G is called the fuzzy 
coset of p . 

Definition 1.8.3: Let p be a non-empty fuzzy subset of an R-module M. Then p is 
said to be a fuzzy submodule of M if 

i. p is a fuzzy normal subgroup of M and 

ii. p f(x + y) r - x r} > p (y) for all x, y in M and for all r in R . 

The proof of the following two theorems are omitted as they can be easily obtained by 
the reader using direct methods. 

Theorem 1.8.1: Let B be a non-empty subset of an R-module M. Then the 
characteristic function Xg I s a fuzzy submodule of M if and only if B is a submodule of 
XL 

Theorem 1.8.2: Let pbe a fuzzy submodule of an R-module M. Then the level subset 
p t = {x € M | p (x) > t}, t € Im p is a submodule of M. 

Definition 1.8.4: Let p be a fuzzy submodule of an R-module M. Then the 
submodules pfs are called level submodules ofM. 

Theorem 1.8.3: For a non-empty fuzzy subset p of an R-module M, the following 
assertions are equivalent 

i. p is a fuzzy submodule of M. 

ii. The level subsets p t , t e Im p are submodules of M. 

Proof It is a simple matter of routine. 

Theorem 1.8.4: If pis a fuzzy normal subgroup of an additive group G. Then x + p 
= v + p if and only if p(x -y) = p(O) for all x, y in G. 

Proof Left for the reader as an exercise. 

Theorem 1.8.5: Let pbe a fuzzy submodule of an R-module M. Then the set M / p of 
all fuzzy cosets of p is an R-module with respect to the operations defined by (x + p) 
+ (y + p) = (x + y) + p and (x + p) r = xr + prfor all x, y in M and for all r in R. Iff 
is a mapping from M to M/ p, defined by xf = x + p for all x e M then f is an R- 
epimorphism with kerf= { x e M / p(x) = M (0)}. 

Proof Please refer [28, 39]. 

Definition [28] : The R-module M / pis called the quotient R-module of M over its 
fuzzy submodule p. 
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Definition [ 28 ]: Let M be an R-module. A non empty fuzzy relation a on M [i.e. a 
mapping a: M xM —> [0,1]] is called a fuzzy equivalence relation if 

i. a(x,x) = sup cc(y,z) for all x,y,z in M (fuzzy reflexive). 

y,z G M 

ii. a (x, y) = oc (y, x) for all x, y in M (fuzzy symmetric). 

Hi. a(x,y)> Slip [min a (x,z ), a ( z,y )] \for all x, y in M (fuzzy transitive). 

zeM 

Definition 1 . 8 . 5 : A fuzzy equivalence relation a on an R-module M is called a fuzzy 
congruence if a (a + c, b + d) >Min [ a (a, b), a (c, d) ] and a (ar, br) > a (a, b) for 
all a, b, c, d in M and all r in R. 

The following theorem is left for the reader as an exercise. 

Theorem 1 . 8 . 6 : Let p be a relation on an R-module M and A p be its characteristic 
function. Then p is a congruence relation on M if and only if A p is a fuzzy congruence 
on M. 

Definition [ 28 ] : Let a be a fuzzy relation on an R-module M. For each t € [0, 1] the 
set a t = {(a,b)e M x M ; a (a,b)> t}is called a level relation on a. 

Theorem [ 28 ] : Let a be a fuzzy relation on an R-module M. Then a is a fuzzy 
congruence on M if and only if cx, is a congruence on M for each t e Im a. 

Proof. Refer [28], 

Theorem [ 28 ] : Let a be a fuzzy congruence on an R-module M and p a be a fuzzy 
subset of M, defined by p a (a) = cc(a, 0), a e M. Then p a is a fuzzy submodule of M. 

Proof: Since (l a (0) = a (0, 0) = Slip oc (x,y) ^ 0(as a is non empty) it follows that 

x.ye M 

(l t is non-empty. For a, b in M. 

(i a (a + b) = a (a + b, 0) > min {a(a,0), oc(b,0)} = min [ji a (a), (i a (b)] 
|i a (-a) = a(-a,0) = a(-a + 0, - a +a) > Min [a (-a, - a), a (0,a)] 

= a (0,a) = a (a,0) = |i a (a) . 

Similarly ft a (a) >|i a (-a) . Thus ft a (-a) =|i a (a) . Again |i a (a + b -a) 

= a (a + b - a, 0) = a(a -i-b-a, a + 0-a) 

> a (b,0) = |i a (b). 

So (l a is a fuzzy normal subgroup of the R-module M. Now for a, b in M and r in R. 
|l a {(a + b)r-ar}=a{(a + b)r-ar, 0}= a {(a + b)r-ar, ar-ar} 
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> Min [a{(a + b)r, ar}, a(-ar, - ar)] 

= a {(a + b)r, ar}> a (a + b, a) > a (b,0) = p a (b) . 

Thus (l a is a fuzzy submodule of M. 

Theorem 1.8.7: Let p be a fuzzy submodule of an R-module M. Let cx u be the fuzzy 
relation on M, defined by cx u (x, y) = ju(x - y) for x, y in M. Then (X u is a fuzzy 
congruence on M. 

Proof. Since p is non-empty it follows that (X L1 is non empty. Now a u (x, x) = p (0) > 
(i (y - z) for all y, z in M = (y,z). So 

tyi (x, x) = sup oc^ (y, z) • 

y,zeM 



Thus is fuzzy reflexive. It is clear that a u is fuzzy symmetric. Again a L1 (x, y) = 
p(x -y) = p(x-z + z-y)> Min [p (x - z), p (z - y)] for all z in M. So 

tyi (x, y) > SUp [Min [a^(x,z),a |X (z,y)]] . 

z e M 



Thus is a fuzzy equivalence relation on M. 
Now 



tx M (x + u, y + v) = p (x + u - v - y) 

= p (-y + x + u - v) 

> Min [p (— y + x), p (u - v)] 

Min [p (x - y), p (u - v)] 

= Min [ctn (x, y) , cc^ (u, v)]. 

Again x^ (xr, yr) = p(xr - yr) = p{(y - y + x) r - yr} > p(-y + x) = p(x - y) = a^(x, y). 
Hence a L1 is a fuzzy congruence on M. 

Note : a L1 is called the fuzzy congruence induced by p and p« is called the fuzzy 
submodule induced by a. 

Here in the following theorem FS (M) set of all fuzzy submodules of M and FC (M) 
the set of all fuzzy congruences on M. The reader is expected to refer [28] for proof. 

THEOREM 1.8.8: Let M be an R-module. Then there exists an inclusion preserving 
bijection from the set FS(M) of all fuzzy submodules of M to the set FC(M) of all fuzzy 
congruences on M. 

THEOREM 1.8.9: Let a be a fuzzy congruences on an R-module M and p (1 be the fuzzy 
submodule induced by a. Let t e Im a. Then (jU a ) t - {x e M / x = 0 (a t ) } is the 
submodule induced by the congruence CX, . 
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Proof. Let a e M. Now a e (|i a ) t if and only if (|i a ) (a) > t if and only if a(a, 0) > if 
and only if (a, 0) e a t if and only if a e 0(a t ) if and only if a e {x e M | x = 0(a t )}. 
Hence the theorem. 

Theorem 1.8.10: Let jibe a fuzzy submodule of an R-module M and cx u be the fuzzy 
congruence induced by p . Let t e Im p . Then (CX U ), is the congruence on M induced 
by Pi- 



Proof Let (3 be the congruence on the R-module M induced by ji t . (x, y) e (3 if and 
only if x - y e (I t . Let (x, y) e (a ^ ) t . Therefore (a ^ ) (x, y) > t => p, (x - y) > t => 
(x - y) g |i t => (x, y) e p. Thus (a M ) t e p. By reversing the above argument we get P 
e (a M ). Hence ( 0 ^) 1 = p. 

Definition [28]: Let M be an R-module and a be a fuzzy congruence on M. A fuzzy 
congruence (5 on M is said to be oc-invariant if a (x, y) = a (u,v) implies that (5 (x, y) 
= f (u, v) for ail (x, y),(u, v) e M xM. 



Theorem [28] : Let M be a R-module and p be a fuzzy submodule of M. Let a be the 
fuzzy congruence on M induced by p. Then the fuzzy relation a / a on M / p defined 
by a/ a (x + p, y + p) = a (x, y) is a fuzzy congruence on M / p . 



Proof: Assume that x + (I = u + |l and y + (I = u + (I . Then (I (x - u) = (0.(0) and |l(y - 
v) = [t (0). 



Thus 



Now 



a(x, u) 




SUp a(p,q) and 

p,qe M 


a(y,v) 




SUpa(p,q). 

p, qe M 


a(x, y) 


> 


Min [a(x, u), (u, y)] 




= 


a(u, y) 




> 


Min [a(u, v), a(u, y)] 




= 


a(u, v). 



Similarly a(u, v) > a(x, y). Thus a(x, y) = a(u, v). Thus, a / a is meaningful. Rest of 
the proof is a matter of routine verification. 



Theorem [28]: Let M be an R-module and p be a fuzzy submodule of M. Let a be a 
the fuzzy congruence on M induced by p. Then there exists a one to one 
correspondence between the set FC a (M) of a-invariant fuzzy congruences on M and 
the set FC a / a (M / p) of a/a invariant fuzzy congruences on M / p . 

Proof: Refer [28], 
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Theorem 1 . 8 . 11 : Let M be an R-module and p be a fuzzy submodule of M. Let a be 
the fuzzy congruence on M induced by p . Let t = sup Im a then M/ p = M / a t . 

Proof: We define a mapping 0: M/(i— >M/a t by (x +y) 0 = x a t where x a t denotes the 
congruence class containing x of the congruence 0C t , x + |i = y + It => |i(x - y) = m 
= a(x, y) = sup Im a = t (x, y) e a t xa t = ya t =^> (x + |i) 0 = (y + (i)0. So 0 is 
well defined. 

Now (x + (i + y + |i) 0 = (x + y + (i) 0 = (x + y) a t = x a t + y a t = (x + (i)0 + (y + |i) 0 
and ((x + (i) r) 0 = (x r + (i) 0 = (x r) a t = (x a t )r = ((x + |i) 0) r. 

Therefore 0 is an R-homomorphism. Again (x + (i) 0 = (y + (i) 0 => xa t = y a t = (x, y) 
e ott => a (x, y) = t => |i (x - y) = t => |i (x - y) = a(0, 0) = |i(0) which implies that 
x + (i = y + (i. So 0 is injective. Obviously 0 is surjective. Hence the result. 

Definition [ 56 ]: Let R be a near-ring and let p be a fuzzy set in R. We say that p is a 
fuzzy subnear-ring of R if for all x, y e R. 

i. p (x -y) >min {p(x), ju(y)}. 

ii. jU(xy) >min {p(x), fd(y)}. 

If a fuzzy set // in a near-ring R satisfies the property p(x -y) >min {/J(x), p(y)} then 
letting x = y; ju(0) > p (x) for all x e R. 

Definition [ 1 ]: Let (R, +,•) be a near-ring. A fuzzy set p in R is called a fuzzy right 
(resp. left) R-subgroup of Rif 

i. p is a fuzzy subgroup of (R , +). 

ii. p(xr) > p (x) (resp. p(rx) > p (x)) for all r, x e R . 

Example [56]: Let R = {a, b, c, d} be a set with two binary operations as follows. 



+ 


a 


b 


c 


d 


• 


a 


b 


c 


d 


a 


a 


b 


c 


d 


a 


a 


a 


a 


a 


b 


b 


a 


d 


c 


b 


a 


a 


a 


a 


c 


c 


d 


b 


a 


c 


a 


a 


a 


a 


d 


d 


c 


a 


b 


d 


a 


a 


b 


b 



Then (R, +, •) is a near-ring. We define a fuzzy set |i: R — > [0,1] by |l(c ) = |l(d) < 
|l(b) < ji(a). Then |i is a fuzzy subgroup of (R,+), and we have that |i(xr) > p(x) for all 
r,xe R. Hence (I is a fuzzy right R-subgroup of R. 

Example [56]: Let R= {a, b, c, d} be a set with two binary operations as follows: 
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a 


a 
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a 


d 


d 


c 


a 


b 
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a 


b 


c 
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a 


a 


a 


a 


a 


b 


a 


a 


a 


a 


c 


a 


a 


a 


a 


d 


a 


b 


c 


d 



Then (R, +, •) is a near-ring. We define a fuzzy set (_i: R — > [0, 1 ] by |l(c) = |l(d) < |l(b) 
< |l(a). Thus (l is also a fuzzy right R subgroup of R. 

THEOREM [56]: If pis a fuzzy right (resp. left) R-subgroup of a near-ring R, then the 
set Rju = {x e R / p (x) = p (0)} is a right (resp. left) R-subgroup of R. 

Proof: Let x, y e R^ . Then |i(x) = |i(y) = |i(0). Since |l is a fuzzy right (resp. left) R- 
subgroup, it follows that 

(l(x-y) > min{|x(x) , |l(y)} 

min{fx(0), |l(0)} 
lt(0). 

On the other hand |l(x - y) < |i(0). Hence we have |l(x - y) = |i(0) sox-ye R^ Also 
for any xe R p and re R, we get |i (xr) > (i(x) = |i(0) (resp. |l(rx) > |i(x) = |i(0)). 

On the other hand |l(xr) < |Lt(0) (resp. |l(rx) < |i(0). Hence we obtain |i(xr) = |i(0) (resp 
(l(rx) = |i(0)), which shows that xre R M (resp. rxe R^) Consequently the set is a 
right (resp. left) R-subgroup of R. 

DEFINITION 1.8.6: A fuzzy right (resp. left) R-subgroup p of a near-ring R is said to be 
normal if there exists x e R such that p(x) = 1. 

Note that if a fuzzy right (resp. left) R-subgroup |l of a near-ring R is normal then 
(0,(0) = 1; hence (I is a normal fuzzy right (resp. left) R-subgroup of a near-ring R if 
and only if |o(0) = 1 . 

THEOREM 1.8.12: Let p be a fuzzy right (resp. left) R-subgroup of a near-ring R and 
let p be a fuzzy set in R defined by p (x) = p(x) + 1 - p(0) for all x e R. Then p + is a 
normal fuzzy right (resp. left) R-subgroup of R containing p. 



Proof: Let x,ye R. Then 



min [pf (x), p7y)i 



< 



min {(O(x) + 1 - |o(0), |i(y) + 1 - (o(0)} 
min (p(x), (i (y)} + 1 - (o(0) 

(l(x - y) + 1 - [1(0) 
lt + (x-y) 



and for all x, ye R we have 
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> 



(l(xr) + 1 - (i(0) 
(l (x) + 1 - (1(0) 

(A*)- 



ftV) 



Similarly (l + (rx) = g(rx) + 1 - (0,(0) > g(x) + 1 - fo(0) = fo (x). Hence g is a fuzzy 
right (resp. left) R-subgroup of R. Clearly (o ( 0) = 1 and g c g . This gives the proof. 

Using the fact p a p + we have the following theorem: 

Theorem 1.8.13: If pi is a fuzzy right (resp. left) R-subgroup of R satisfying p(x) = 0 
for some x e R, then pi(x) = 0 also. 

Theorem [1]: Let (R, +, •) be a near-ring and Xu be the characteristic function of a 
subset H a R. Then H is a right (resp. left) R-subgroup of R if and only if Xu is a fuzzy 
right (resp. left) R-subgroup of R. 

Proof. Refer [1], 

Theorem 1.8.14: For any right (resp. left) R-subgroup H of a near-ring R, the 
characteristic function Xu of H is a normal fuzzy right (resp. left) R-subgroup of R 
and R v = H. 

JCh 

Proof. From the above theorem the proof of this theorem can be easily obtained. 

Theorem 1.8.15: Let pi and vbe fuzzy right (resp. left) R-subgroups of a near-ring R. 
If pi zvand pi(0) = v(0) then R u zR v . 

Proof: Assume that (icv and p(0) = v(0). If x e R,j then v(x) > p(x) = p(0) = v(0). 
Noting that v(x) < v(0) for all x e R we have v(x) = v(0) that is x e R. Hence the 
proof. 

The following result is a direct consequence of the above theorem; hence left for the 
reader. 

Theorem 1.8.16: If pi and V are normal fuzzy right (resp. left) R-subgroups of a 
near-ring R satisfying pi a vthen R,, zR v . 

Theorem 1.8.17: A fuzzy right (resp. left) R-subgroup p of a near-ring R is normal if 
and only if pi + = pi . 

Proof: Sufficiency is direct. To prove the necessary condition assume p is a normal 
fuzzy right (resp. left) R-subgroup of R and let x e R. Then p + (x) = p(x) + 1 - p(0) = 
p(x) and hence p + = p. 

Theorem 1.8.18: If pi is a fuzzy right (resp. left) R-subgroup of a near-ring then 
(M + ) + = M + - 

Proof: For any x e R, we have (p + ) + (x) = p + (x) + 1 - p + (0) = p + (x) completing the 
proof. 



103 




The following result is direct by the above definition. 

THEOREM 1.8.19: If p is a normal fuzzy right (resp. left) R-subgroup of a near-ring 
R, then (p + ) + = p. 

THEOREM 1.8.20: Let p be a fuzzy right (resp. left) R-subgroup of near-ring R. If 
there exists a fuzzy right (resp. left) R-subgroup V of R satisfying V a p then p is 
normal. 

Proof: Suppose there exists a fuzzy right (resp. left) R-subgroup v of R such that v + c 
p. Then 1 = v + (0) < p (0) whence p(0) = 1. Hence the proof. 

Using the above theorem the following result is straightforward. 

THEOREM 1.8.21: Let p be a fuzzy right (resp. left) R-subgroup of a near-ring R. If 
there exists a fuzzy right (resp. left) R-subgroup Vof R satisfying v a p then p = p. 

THEOREM 1.8.22: Let p be a fuzzy right (resp. left) R-subgroup of a near-ring R and 
letf: [0, p (0) ] —> [0,1] be an increasing function. Define a fuzzy set pp R —> [0,1] by 
Pf(x) = f (p (x) ) for all x e R. Then pfis a fuzzy right (resp. left) R-subgroup of R. In 
particular if f(p(0)) = 1 then pfis normal and if f(t) >tfor all t e [0, p(O)] then p c: 

Pfi 



Proof: Let x,ye R. Then pf (x - y) = f(p(x - y)) > f(min p(x), p(y)) = min (f(p(x)), 
f(p(y))} = min{pf (x), pf(y)} and for all x,re R, we have pf (xr) = f (p (xr)) > f (p(x)) 
= pf(x). Similarly pf (rx) = f(p(rx)) > f (p(x)) = pf (x). Hence pf is a fuzzy right (resp. 
left) R-subgroup of R. If f (p(0)) = 1 then clearly pf is normal. Assume that f(t) > t for 
all t g [0, p(0)] . Then pf (x) = f (p(x)) > p(x) for all xe R, which proves that p cz pf. 

THEOREM 1.8.23: Let p be a non constant normal fuzzy right (resp. left) R-subgroup 
of R , which is maximal in the poset of normal fuzzy right (resp. left) R-subgroups 
under set inclusion. Then p takes only the values 0 and 1. 

Proof: Please refer [56]. 

Another normalization of fuzzy right (resp. left) R-subgroup of a near-ring R as given 
by [56] is given below. 

THEOREM 1.8.24: Let p be a fuzzy right (resp. left) R-subgroup of a near-ring R and 
let p° be a fuzzy set in R defined by p (x) = p(x) / p(0) for all x e R. Then p is a 
normal fuzzy right (resp. left) R-subgroup of R containing p. 

Proof: For any x, ye R we have 



min (p°(x), p°(y)} 



min 



(fiX> fi(y) 

p(0)’ p(0) 
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1 



m 



min{ji (x), (i (y)} 



< 



m 



M-( x - y) 



and for all x,ye R we get 



lAx-y) 



It 0 (XT) 



> 



l 



11 ( 0 ) 

l 

m 



H(xr) 



(l(x) 



(l°(x). 



Similarly ji°(rx) > p°(x). Hence (l° is a fuzzy right (resp. left) R subgroup of R. 
Clearly |i°(0) = 1 and |i c: (l°. Hence the claim. Using the fact |i c (i° the following 
results are straightforward. 



THEOREM 1.8.25: If ju is a fuzzy right (resp. left) R-subgroup of a near-ring R 
satisfying p (0) = 0 for some x e R then p(x) = 0 also. 



THEOREM 1.8.26: Let H be a right (resp. left) R-subgroup of a near-ring R and let pn 
be a fuzzy set in R defined by 



Ph(x) = 



if xe H 
otherwise 



Then pu is a normal fuzzy right (resp. left) R subgroup of R and R u n = H. 

Proof. Left for the reader as the proof is direct. 

THEOREM 1.8.27: Let p be a non constant fuzzy right (resp. left) R-subgroup of a 
near-ring R such that p is maximal in the poset of normal fuzzy right (resp. left) R- 
subgroups under set inclusion. Then 

i. p is normal. 

ii. p takes only the values 0 and 1. 

Hi- Pr u = P ■ 

iv. R L , is a maximal right (resp. left) R-subgroup of R. 

Proof Please refer [56]. 
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We have given several of the proofs verbatim from [56] mainly to make it easy when 
we do the proofs in case of Smarandache fuzzy near-rings and their ideals and 
subgroups. For more about fuzzy near-rings please refer [56, 57]. 

Now we proceed on to define the notion of fuzzy near-rings. 

Definition 1.8.7 : Let p be a non-empty fuzzy subset of a near-ring N (that is ju(x) & 0 
for some x e N) then p is said to be a fuzzy ideal of N if it satisfies the following 
conditions: 



i. ju(x+y) >min {p (x), p (y)}. 

ii. p (—x) = p (x). 

iii. p(x) = p(y + x—y). 

iv. p (xy) > p (x) and 

v. p {x (y + i) - xy } > p (i) for all x, y, i e N. 

1. If pis a fuzzy ideal of N then p (x + y) = p(y + x). 

2. If p is a fuzzy ideal ofN then p (0) > p (x) for all x e N. The above two statemen ts 

can be easily verified for if we put z = x + y, then p (x + y) = p(z) = p (—x + z + 

x) since p is a fuzzy ideal p(-x+x+y + x) = p(y + x) (since z = x + y). 

Likewise for the second statement p (0) = p (x-x) >min (p (x), p(-x)} = p(x) since 
p is a fuzzy ideal (since p (—x) = p (x) by the very definition of fuzzy ideal). 

Definition 1.8.8: Let I be an ideal ofN. we define Aj : N —> [0, 1] as 

[ 1 if x = 1 

A 1 (x) = \ 

[0 otherwise 

Aj(x) is called the characterize function on 1. 

THEOREM [130]: Let N be a near-ring and A/, the characteristic function on a subset I 
of N. Then Aj is a fuzzy ideal ofNif and only if I is an ideal of N. 

Definition [130]: Let p be a fuzzy subset of X. Then the set p t of all t e [0, 1] is 
defined by p, = (x e N / p (x) >tj is called the level subset of t for the near-ring N. 

Definition [130]: Let N be a near-ring and p be a fuzzy ideal of N. Then the level 
subset p t ofN for all t e [0, t], t < p(0) is an ideal ofN if and only if p is a fuzzy ideal 
ofN 

Definition [130]: A fuzzy ideal p of N is called fuzzy prime if for any two fuzzy 
ideals a and OofN <J o 6 cz p implies <7 a por 6 £ p. 

Now we use the concept of fuzziness in T-near-rings as given by [1, 130]. 

THEOREM [130]: If p is a fuzzy ideal of a near-ring N and a e N then p (x) > p(a) for 
all x e (a). 
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Proof: Please refer [1, 130]. 

Definition [ 130 ]: Let p and <7 be two fuzzy subsets of M. Then the product of fuzzy 
subset ( <7o T)(x) = sup { min (<7 (y), T (z))} if x is expressible as a product x = yz 
where y, z s M and (go t) (x) = 0 otherwise. 

Definition [ 130 ]: A fuzzy ideal p of N is said to have fuzzy IFP if p (a n b) > p(ab) 
for all a, b, n € N. 

Definition [ 130 ]: Let pbe a fuzzy ideal of N, p has fuzzy IFP if and only if Pk is a 
IFP ideal of N for all 0 <k < 1. 

DEFINITION [ 130 ]: N has strong IFP if and only if every fuzzy ideal of N has fuzzy 
IFP. 

Theorem [130 If pis a fuzzy IFP-ideal ofNthenN /u = {x e N / p (x) = p(0)} is an 
IFP ideal of N. 

Proof: We have |l (0) > |l (x) for all x e N; write t = |i (0). Now = |i t and by 
definitions ji t has IFP. Therefore is an IFP ideal of N. 

Notation: Let |i be a fuzzy ideal of N. For any s e [0, 1] define J3 S : N — > [0, 1] by 

o / \ \ si f \L(x)>S 

v .P*(x) = \ 

[(If x) if \x(x) < s. 

Since [3 S depends on (i, we also denote (3 S by ^P s . 

Results: 

1. P s (x) < s for all x e N. 

2. P s is a fuzzy ideal of N. 

3. If (l (0) = t, then s > t if and only if (i t = (P s ) t . 

The proof of the above 3 statements are left as an exercise for the reader to prove. 

We can still equivalently define as a definition or prove it as a theorem. 

Definition [ 130 ]: p is a fuzzy IFP ideal ofNif and only if (5 S is a fuzzy IFP ideal for 
all s € [0, 1 ]. 

Result : A fuzzy ideal (I has IFP if and only if N ( p s) has IFP for all s e [0, 1]. 

The above result is assigned as an exercise for the reader to prove. 

Definition [ 130 ] : Let p : M—> [0, 1], p is said to be a fuzzy ideal of M if it satisfies 
the following conditions: 
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i. 


p (x + y) >min 


{p (x), p (y)}. 


ii. 


P (-x) =p(x). 




iii. 


p(x) =p(y + x 


-y)- 


iv. 


Ai 


) and 


V. 


P {(x a (y + z) - 


-x ay} >p(z) 



for all x, y, z e M and a e F. 

The following result is left as an exercise for the reader to prove. 

Theorem 1.8.28: Let p be a fuzzy subset of M. Then the level subsets p t = {x e M / 
p(x) >tj, t e Im p, are ideals ofMif and only if p is a fuzzy ideal of M. 

All results true in case of fuzzy ideals of N are true in case of fuzzy ideals of M with 
some minor modifications. 

The following result can be proved by routine application of definitions. 

Theorem 1.8.29: Let M and M' be two F-near-rings, h : M —> M' be an F- 
epimorphism and p, (7 be fuzzy ideals of M and M' respectively then 

i. h (h 1 (<J) ) = a 

ii. h 1 (h (jd)) id fdand 

Hi. h 1 (h (id)) = jd if jd is constant on her h. 

Definition [130]: A fuzzy ideal p of M is said to be a fuzzy prime ideal of M if p is 
not a constant function; and for any two fuzzy ideals a and F of M, a o T c p, 
implies either <J a p or Atr p. 

Using these definitions it can be proved. 

Theorem [130] : If p is a fuzzy prime ideal of M then M m = {x e M / p (x) = p(0)} is 
a prime ideal of M. 

Proposition [130]: Let I be an ideal of M and s e [0, 1). Let p be a fuzzy subset of 
M, defined by 



P(x) = 



1 



s 



if xe I 
otherwise. 



Then p is a fuzzy prime ideal of M if I is a prime ideal of M. 

Proof. Using the fact (I is a non-constant fuzzy ideal of M we can prove the result as a 
matter of routine using the basic definitions. 

Definition [130]: Let I be an ideal of M. Then Aj is a fuzzy prime ideal of M if and 
only if I is a prime ideal of M. 
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Result 1 : If (I is a fuzzy prime ideal of M then (0,(0) = 1. 
Proof. It is left for the reader to prove. 

Result 2 \ If (i is a fuzzy prime ideal of M then |Im |i| = 2. 
We further define fuzzy near matrix ring. 



Definition 1.8.9: Let P nXn denote the set of all n xn matrices with entries form [0, 1] 
i.e. P nXn = {(aij) / ajj e [0, 1]} for any two matrices A, B e P nXn define (Das follows: 



and 





r a u 


a i 2 ■ 


•• a if 




A = 


a 2i 


a 22 


•• a 2 n 






K a nl 


a n 2 ■ 


•• 






(b tl 


bn ■ 


•• b ln ) 




B = 


b 21 


b 22 ■ 


&: 

«N . . . 






K b nl 


b n2 ■ 


•• b nn ) 






' a il 


+ b n .. 


■ a m+b ln ' 


A® B = 


a 21 


+ b 21 . . 


a 2 i+b 2n 




, a nl 


+ b nl . . 


■■ Q nn + b nn j 



where 



a ij +b ij 



“ij + h ij a ij+ b ij < 1 

<Q if a ij + by = 1 

ay+hy-lif a tj +by > 1. 



Clearly (P nxn , ®) is an abelian group and 



' 0 o ... o'' 

0 0 ... 0 

f) 0 ... 



is zero matrix which acts as the additive identity with respect to 69. 
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Define O on P nXn as follows. For A, B e P nXll 





( a n 


•• O 




( b ll • 


•• O 




( a il 


+ .. 


.. + a,n . 


.. a n + .. 


•• + Cl ln ^ 


A OB = 


a 21 


•• a 2„ 


o 


K • 


•• b 2n 


= 


a 21 


+ .. 


■■ + a 2n ' 


. . a 21 +.. 


■ + CI 2n 




V a nl ' 


•• a nn) 




W • 


•• b nn ) 




V a nl 


+ . 


• ‘ + Q nn ' 


■ • Q nl + ' 


■ ■ + Q nn y 



where ay. by = ayfor all a {] e A and by e B. Clearly (P nxn > Q) is a semigroup. Thus (A 
® B) O C = A O C ® B O C. Hence (P nxn , ®, Q) is a near-ring, which we call as 
the fuzzy near matrix ring or fuzzy matrix near-ring. 

Theorem 1.8.30: The fuzzy near- matrix ring is a commutative near-ring. 

Proof. Straightforward. 

Theorem 1.8.31: The fuzzy matrix near-ring is not an abelian near-ring. 

Proof For A, B e P nxn we have AOB^B OAin general. 

Theorem 1.8.32: In f P nXn , ®, O} we have I nxn & A where I nxn is the matrix with 
diagonal elements 1 and rest 0. 

Proof Left for the reader to prove. 

Definition 1.8.10: Let 1 P nXn , ®, O} be a fuzzy near matrix ring we say a subset I of 
Pnxn is a fuzzy left ideal of P„ xn if 

i. (I, +) is a normal subgroup of P nxn . 

ii. n (n' + i) + n r n' e I for each i e I and n„ n, n' e N where n r 
denotes the unique right inverse of n. 

All properties enjoyed by near-rings can be defined and will be true with appropriate 
modifications. 

Next we proceed on to define the concept of fuzzy complex near-rings. 

Definition 1.8.11: Let V = {a + ib / a, b e [0,1]} define on V the operation called 
addition denoted by ®as follows: 

For a + ib, ai + ibi e V, a + ib ®ai + ibi = a + ai + i (b + bf where a ®aj = a + 
aj if a + aj < 1 and a + ai = a + ai~lifa+ai>l where '+' is the usual addition of 
numbers. Clearly (V, ®) is a group. Define O on V by (a + ib) O (a i + ibj) = a + ib 
for all a + ib, aj + ib / e V. (V, O) is a semigroup. It is easily verified. (V, ®, O) is a 
near-ring, which we call as the fuzzy complex near-ring. 
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Further P = {a / a £ [0,1]} and C = {ib / b £ [0 1]} are fuzzy complex subnear-rings 

of (V, 0,0). 

Proposition 1.8.1: Vhas non-trivia I idempotent. 

Proof Left for the reader to prove. 

Theorem 1.8.33: Let (V, 69, O} be a fuzzy complex near-ring. Every nontrivial fuzzy 
subgroup of N is a fuzzy right ideal of V. 

Proof Obvious by the fact that if N is a fuzzy subgroup of V then NV e N. 

It is an open question. Does V have nontrivial fuzzy left ideals and ideals? The reader 
is requested to develop new and analogous notions and definitions about these 
concepts. 

Now a natural question would be can we have the concept of fuzzy non-associative 
complex near-ring; to this end we define a fuzzy non-associative complex near-ring. 

Definition 1.8.12: Let W = (a + ib / a, b £ [0, 1] called the set of fuzzy complex 
numbers}. Define on W two binary operations 69 and O as follows: 

(W, ®) is a commutative loop where for a + ib, c + id e W define a + ib 69 c + id = 
a ~ c + i ( b ~ d) where is the difference between a and b. Clearly (W, &) is a 
commutative loop. 

Define O on W by (a + ib) O (c + id) = a + ib for all a + ib, c + id £ W. (W, 69, O) 
is called the fuzzy complex non-associative near-ring. ([ 0 , 1], 69, O) c(W, 69, O) is a 
fuzzy non-associative subnear-ring. 

Obtain interesting properties about these non-associative fuzzy complex near-rings. 
Now we proceed on to define fuzzy polynomial near-rings. 

DEFINITION 1.8.13: Let R be the set of reals. The fuzzy polynomial near-ring 

R[f"' IJ ] consists of elements of the form p 0 + ppc 7 ' + p,x Yl +... + p n x y " where po, pi, 
... p m e R and yi, y>, .... y n £ [0, 1] with y < y? < ... < y n . Two elements p(x) = q (x) 
<^> pi = q t . and y = Sj where p(x) = p 0 + PjX 71 + ... + p n x r " and 
q(x) = q 0 +q 1 x s ' +... + q n x s " Addition is performed as in the case of usual 
polynomials . 

Define O on R [x ^ ^ ] by p(x) O q(x) = p(x) for p(x), q(x) £ R [x lj ']. 

Clearly {R [x ^°' ^ ], +, O} is called the fuzzy right polynomial near-ring, x = 1 by 
definition. 
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Definition 1.8.14: Let {R [x ^°' ^J, +, O} be a fuzzy polynomial near-ring. For any 
polynomial p(x) e R [x ^ ] define the derivative of p(x) as follows. 

If p(x)= p n + p,x Sl + ... + p n x s " 



dp( x ) 
dx 



: 0 + s lPl x s, ~‘ + . . . + S n p n x s "~‘ =(SjPj )x sH +... + ( s n p n )x s "~‘ 



where ~ ’ denotes the difference between s t and 1. 

uT)f X / 

Clearly if p(x)e R[ x [0,1] ] then — e R[ x [0,I] ] Likewise successive derivatives 

dx 

are also defined i.e. product of s, p t e R as s, e [0, 1] and p, e R i.e. the usual 
multiplication of the reals. 



Example 1.8.1: Let R be reals R [x^°' be a polynomial near-ring. 



p(x ) = 5- 6x I/5 + 2 x 3/8 - 15x 7/9 

dp(x)_ n 1 Av 4/5 , 15x7 ^ 2/9 _ 6 ^.4/ 5 , ^ „5/« 55 ^2/9' 

— \J OX i X X — X i X X 

dx 5 8 9 5 4 3 



The observation to be made is that no polynomial other than the polynomial x 
vanishes after differentiation. 

Definition 1.8.15: Let p(x) e {Rx ^ ]} the fuzzy degree of p(x) is s n where 
p(x) = p 0 + PjX s ‘ +... + p n x s " ;Sj <s 2 ...<s n (p n # 0) deg p(x) = s n . The maximal 

degree of any polynomial p(x) can take is 1. Now it is important to note that as in the 
case polynomial rings we cannot say deg [p(x).q(x) ] = deg p(x) + deg q(x). 

But we have always in fuzzy polynomial near-ring. 

deg (p(x) q(xj) = deg p(x) for 
p(x), q(x) e R [x ^°’ ^ ] 

as this degree for fuzzy polynomial near-rings is a fuzzy degree we shall denote them 
by f (deg (p(xf). 

Definition 1.8.16: Let p(x) e [R [x^ 0, ^], p(x) is said to have a root a if p(a) = 0. 

Example 1.8.2: Let p(x) = f2 - x 12 be a fuzzy polynomial in R {x^ 0, ^]. The root of 
p(x) is 2 for p(2) = f2 - 2 1/2 = 0. 

But as in case of root of polynomial of degree n has n and only n roots which is the 
fundamental theorem on algebra; we in case of fuzzy polynomial near-rings cannot 
say the number of roots in a nice mathematical terminology that is itself fuzzy. 
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A study of these fuzzy polynomial near-rings is left open for any interested 
researcher. We proceed on to define fuzzy polynomial near-rings when the number of 
variables is more than one x and y. 

Definition 1.8.17: Let R be the reals x, y be two variables we first assume xy = yx. 
Define the fuzzy polynomial near-ring. 

R [x [0,1] ,y [<UJ ] (by) = / r i e R; p,e [0,1] q t e [0,1]} 

Define ‘+ ’ as in the case of polynomial and ' 0 by p(xy) 0 q(x, y) = p(x, y). Clearly 
R[x [0 ’ 1] , y^ 0, 1] ] is called as a fuzzy polynomial right near-ring. 

Definition 1.8.18: Let [R [x ^°’ y ^°’ ^], 0, •} be a fuzzy polynomial near-ring in 
the variable x and y. 

A fuzzy polynomial p(x, y) is said to be homogenous of fuzzy degree t, t e [0, 1] if p(x, 
y) = a n x s ' y‘‘ + ... + b n x Sp p then [ ^0, s t ^0 for all i = 1, 2, .... p and s t + [ = t for i = 

1, 2, ...,p. 

Definition 1.8.19: Let R fx ^ , y ^ , 0, ‘ •’} be the fuzzy polynomial near-ring in 
the variables x and y. A symmetric fuzzy polynomial is a homogenous polynomial of 
fuzzy degree t, t e [0, 1] such that p(x, y) - p p' y s +... + p n x‘"y s " where tj < t 2 < ... 
<t n , s n < s n _, < ... < Sj with tj = s n , t 2 = S n _j, ..., t n = Si further Pi = p n ,p 2 = p„-i, - 

For example p (x, y) = 3x 1/2 y 2/3 + 3x 2/3 y 1/2 . p (x, y) = x r + y, r e [0, 1], 

p(x, y) = x r + y r + x s y' + yV where s + t = 1. s, t, r e [0, 1]. We have like other 
polynomials we can extend the fuzzy polynomials to any number of variables say Xi, 
X 2 , ..., X n . under the assumption X;Xj = XjXj and denote it by R [X/ 0, 1] , X 2 [0, 1] , ... 
X r /°' called the fuzzy polynomial near-ring in n variables. The reader is advised to 
develop new results on these fuzzy polynomial near-rings. 

We have introduced the concept of complex near-ring and the non-associative 
complex near-ring now we just define yet another new notion called fuzzy non- 
associative near-ring. 

Definition 1.8.20: Let [W, 0, O} be the fuzzy non-associative complex near-ring. 
Let x be an indeterminate. We define the fuzzy non-associative polynomial near-ring 
as follows: 

W [x] = [E pi x / pi e W}; we say p(x), q(x) e W[x] are equal if and only if every 
coefficient of same power of x is equal i.e. if p(x) = po + p 2 x + ... + p n x" and q(x) = qo 
+ qjx + ... + q n x". p(x) = q(x) if and only if p, = q t . for i = 1, 2, ..., n. Addition is 
performed as follows p(x) 0 q(x) = po 0 qo + ••• + (Pn 0 dn) x " where 0 is the 
operation on W. For p(x), q(x) in W[x] define p(x) O q(x) = p(x). Clearly fW(x), 0, 
O} is a fuzzy non-associative complex polynomial near-ring. 
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Now take Z° = Z + u {0}. Let p: Z° —>W be defined bv p(0) = 0, p(x) =—for 0 e Z. 

x 

Clearly p(x) is a fuzzy non-associative subnear-ring of W. Thus p is a fuzzy non- 
associative subnear-ring. Let G = Z° xZ°. Define a map po : G —> W[x] by 

p(0, 0) = 0. 

p(x, v) = — + — , x ^ 0, v © 0. 
x y 

P(x, 0) = 

x 

p(0,y) = -. 

y 

Then the map p is a fuzzy non-associative complex subnear-ring of G. 

Several interesting research in this direction is thrown open for the reader. 

Now we proceed on to define a special class of fuzzy near-ring. 

Definition 1 . 8 . 21 : Let P = [0, 1] the interval from 0 to 1. Define © and O on P as 
follows. For a, b e P define a © b = a + b if a + b < 1, a ®b = 0 if a + b = 1 and a 
®b = a + b —1 if a + b > 1. Thus © acts as modulo 1. Define O on a, b e P = [0, 1] 
by a Ob = a; clearly (a ®b) Oc=aOc + bOc=a®b. Clearly (P, ©) is a group 
and (P, O) is a semigroup. Hence ( P , ®, O) is a right near-ring. We call {P, ®, O} 
the special fuzzy right near-ring. 

Definition 1.8.22: Let (P, ®, O) be a fuzzy near-ring. Po = {p e P / p.O = 0} is 
called the fuzzy zero symmetric part and P c = {n e P / n.O = n} is called the fuzzy 
constant part. 

Theorem 1.8.34: The special fuzzy right near-ring {P, ®, O} has no fuzzy invertible 
elements. 

Proof Left for the reader to prove. 

Let S = {r/p, 0 / 1 < r < p} is a fuzzy subnear-ring or to be more specific if S = {0, %, 
l A, 3 Aj; S is a fuzzy subnear-ring. 

Definition 1.8.23: A fuzzy subnear-ring N of P is called fuzzy invariant if NP cz N 
and PN czN we call a fuzzy subnear-ring N of P to be a fuzzy right invariant if NP a 
N. 

The following theorem is left as an exercise to the reader. 

Theorem 1.8.35: Every fuzzy subnear-ring N of P is fuzzy right invariant. 
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Definition 1.8.24: The set P = { 0 , 1 } with two binary operations 69 and O is called 
fuzzy right seminear-ring if {P, ©} and {P, O} are right seminear-ring. 

All results can be easily extended in case of fuzzy seminear-ring. 

Example 1.8.3: Let {P, ©, O} be the fuzzy seminear-ring. Define ©asp©qifp + q 
< 1 and p©q = 0ifp + q>l. Then (P, ©) is a semigroup. Define O as p O q = p for 
all p, q e P. Clearly {P, ©, O} is a special fuzzy seminear-ring. 



Now we proceed on to define binear-rings and the concept of fuzzy binear-rings. 

Definition 1.8.25: Let (N, +, •) be a non empty set. We call TV a binear-ring if TV = 
Ni u N 2 where Ni and N2 are proper subsets of TV i.e. Ni Z Nj or A? <zNi satisfying 
the following conditions: 

Atleast one of (TV;, +, •) is a right near-ring (i = 1 , 2 ) i.e. for preciseness we say 

i. (Ni , +, •) is a near-ring. 

ii. (N2, +, *) is a ring. 

We say that even if both (N, +, •) and (N2, +, *) are right near-rings still we call 
(N, +, •) to be a binear-ring. By default of notation we mean by a binear-ring only a 
right binear-ring unless explicitly stated. 

Definition 1.8.26: Let (N, +, •) be a binear-ring. We call (N, +, •) as abelian if (N, 
+) is abelian i.e. ifN = Ni UN2 then (TV/, +) and (TV?, +) are both abelian. If both (TV;, 
•) and (TV?, •) are commutative then we call N a commutative binear-ring. If N = N ( i 
i.e. Ni = (Ni)d and N2 = (TV?,),/ then we say N is a distributive binear-ring. If all non- 
zero elements of N are left (right) cancelable we say that N fulfills the left (right) 
cancellation law. N is a bi-integral domain if both Ni and N2 has no zero divisors. If 
N\ 1 Of = TV; \ { 0 } and TV? \ { 0 } are both groups then we call N a binear field. 

Definition 1.8.27: Let (P,+) be a bigroup i.e. (P = Pi u P2) with 0 and let N be a 
binear-ring p : N xP—> P is called the N-bigroup if for all pi e Pi and for all n, e 
Ni we have (n +ni) p = up + nip and (mii ) p = nfiiip) for i = 1, 2. N p = TVf u TVf 
stands for N-bigroups. 

Definition 1.8.28: A sub-bigroup M of a binear-ring N with M.M a M is called a 
sub-binear-ring ofN. A bi subgroup S of N P with NS a S is a N-sub-bigroup of P. 

Definition 1.8.29: Let TV = TV; u N2 be a binear-ring; P a N-bigroup. A binomial 
subgroup (or equivalently we can call it as normal bisubgroup) I of (I = // u 1 2 ) 
(N,+) is called a bi-ideal ofNif 

i. 1 1 TV; (zf and I2 N2 <r/?. 

ii. n, ni £ Ii, ii £ 1 1 . n(ni + ii ) - n ni e I j and n, n? e N2; z? e /?, n (Tz? + if) - 
11112 € I 2 . 
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Normal sub-bigroup T of (N, +) with (i) is called right bi ideal ofN while normal sub- 
bigroup L of (N, +) with (ii) are called left biideals. 

A normal sub-bigroup S of P is called bi ideal ofN P if for Sj e P t (i = 1, 2) (P = Pj u 
P 2 ) and s e Sj (i = 1, 2 and S = Si u St) for all n\ e N (i = 1, 2, N = Ni u N 2 )■ 
iii (s + sj - ns € Sj, i = 1,2. Factor binear-ring N / 1 and factor N-bigroup P/S are 
defined as in case of birings. 

Definition 1.8.30: A sub-binear-ring M of the binear-ring N is called bi-invariant if 
MNi a M / and M 2 N 2 cr M 2 (where M = Mi UM 2 and N = Ni UN 2 ) and Ni Mi a Mi 
and N 2 M 2 czM 2 . 

A minimal bi-ideal, minimal right bi-ideal and minimal left bi-ideal and dually the 
concept of maximal right bi-ideal, left bi-ideal and maximal bi-ideal are defined as in 
case of bi-rings. 

Definition 1.8.31: Let N be a binear-ring (N = Ni u N 2 , +, •) and S a sub- 
bisemigroup of (N = Ni UN 2 , +) (where S = Si u S 2 ). A binear-ring Ns is called a 
binear-ring of left (right) quotients with respect to S if 

i. N s =(N, ) s u (N 2 ) s ^ has identity. 

ii. N is embeddable in Ns by a binear-ring homomorphism h. 

iii. For all Si e Si (i = 1, 2; S = Si u S 2 ). h(Sj ) is invertible in 

•)./ = /, 2 . 

iv. For all q, e N s there exists Sj e Sj and there exists «,■ e N such that 

q t = h(ni) h(si) ; (q, = h(s t j h(ni)), i = 1, 2. 

Definition 1.8.32: The binear-ring N (N = Ni UN 2 ) is said to fulfill the left (right) 
ore condition with respect to a given sub-bisemigroup Sj of (Ni, •) if for all (s, n) e 
Si xNi there exists n *si = s • ni (si • n = ni • s); i = 1, 2. 

Let V denote the collection of all binear-rings and X be any non-empty subset. 

DEFINITION 1.8.33: A binear-ring Fx s V is called a free binear-ring in V over a 
binear-ring N if there exists f: X —> Fx (where X is any non-empty set) for all N e V 
and for all g: X —>N there exists a homomorphism h e Horn (Fx, N); h of = g 



X f - ► F x 




Let V = {set of all binear-rings}, we simply speak about free binear-ring on X. A 
binear-ring is called free if it is free over some set X. 
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Definition 1.8.34: A finite sequence N = No z> Ni z> N 2 z> ... z> N t = {0} of sub- 
binear-rings N of the binear-ring N is called the binomial sequence of N if and only if 
for all i e {1, 2, ..., tj, N is a bi-ideal ofN-i. 

In the special case when all the N/s are bi-ideals of the binear-ring N, we call the 
binormal sequence an bi-invariant sequence. 

Definition 1.8.35: Let P be a bi-ideal of a binear-ring N. P is called the prime bi- 
ideal if for all bi-ideals I and J of N; IJ czN implies I <zP or J czP. The binear-ring N 
is called a prime binear-ring if {0} is a prime ideal. 

Definition 1.8.36: Let S be a bi-ideal of a binear-ring N. S is semiprime if and only 
if for all bi-ideals I on N, I ~ <zS implies I <zS. N is called a semiprime binear-ring if 
{ 0 } is a semiprime bi-ideal. 

Definition 1.8.37: Let L be a left bi-ideal in a binear-ring N. L is called modular if 
and only if there exists e e N] UN 2 and for all n e Ni UN 2 and for all n e Ni UN 2 , 
n - ne <z L. In this case we also say that L is modular by e and that e is a right identity 
modulo L, since for all n e N, ne = n (mod L). 

Notation: For zeN, denote the bi- ideal generated by the set {n-nz/ne N} by Lz. 
Lz = N if z = 0 . z e N is called quasi regular if z e Lz, S cNis called quasi-regular if 
and only if for all s e S, s is quasi regular. 

Let N be a binear-ring. An idempotent e e N = Ni u N2 is called central if it is in the 
center of (Ni, •) or (N2, •) i.e. for all n e Ni (or n e N2) we have ne = en. 

Definition 1.8.38: A binear-ring is said to be biregular if there exists some set E of 
central idempotents with 

i. For all e e Ni (ee N 2 ), Ni e (N 2 e) is an ideal of Ni (or N 2 ). i.e. Ni e u {0} 
or {0} UN 2 e or if e e N 1 nN 2 then Ni e UN 2 e is a bi-ideal ofN. 

DEFINITION 1.8.39: Let N be a binear-ring; N = Ni UN 2 where Ni and N 2 are near- 
rings. The binear-ring N is said to fulfill the insertion factors property ( IFF ) provided 
for all a, b, n e Ni (or a, b, n e N 2 ) we have ab = 0 implies anb = 0. The biring has 
strong IFP property if every homomorphic image of N has the IFP. The binear-ring N 
has the strong IFP if and only if for all I in N and for all a, b, n e Ni (a, b, n e N 2 ), a, 
beli implies anb e I j (ab e p implies anb e P) where I = L up. 

Definition 1.8.40: Let p be a prime. A binear-ring N is called a p-binear-ring 
provided that for all x e N, x p = x and px = 0. 

Definition 1.8.41: A biright ideal I of a binear-ring N is called right quasi 
bireflexive if whenever A and B are bi-ideals of the binear-ring N with AB cz I then 
b(b' + a) - bb' e I for all a e A and b, b' e B. A binear-ring N is strongly sub- 
bicommutative if it is right quasi bireflexive. 
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Definition 1.8.42: Let N be a binear-ring S a subnormal sub-bigroup of (N, +). S is 
called a quasi bi-ideal ofN if SN c: NS cr S whereby NS we mean elements of the form 
{n(n' + s) - nn' / for all s e S and for n, n' e N} = NS. 

Definition 1.8.43: An infra binear-ring (INR) is a triple (N, +, •), (N = Ni u N 2 ) 
where 



i. (N, +) is a bigroup. 

ii. (N, •) is a bisemigroup. 

Hi. (x + y) *z = x • z - 0 *z + y • z jor all x, y, z e N. 

Definition 1.8.44: Let (N, +, •) be a non-empty set, where N = Ni u N 2 uN 3 UN 4 
where each N is a near-ring or a ring for each i = 1, 2, 3, 4. (N, +, •) is defined as 
the quad near-ring or bi-binear-ring. 

Example 1.8.4: Let (N, +, •) be a non-empty set, where N = Z 2 uZi 2 uZ 7 uZ where 
Z 2 and Z are near-rings and Zi 2 is the ring of integers modulo 12 and Z 7 is the prime 
field of characteristic 7. N is a quad near-ring. 

Definition 1.8.45: Let (N, +, •) be a binear-ring where N = Ni u N 2 and G = Gi u 
G 2 be a bigroup. The bigroup binear-ring NG = N jGj u N 1 G 2 u N 2 G 1 u N 2 G 2 is a 
quad near-ring where each NGj is a group near-ring or group ring, i = 1 , 2 and j = 
1, 2. Similarly we can define bisemigroup binear-ring NS = N 1 S 1 UN 2 S 1 UN 1 S 2 u 
N 2 S 2 where S is a bisemigroup (S = Si u S 2 ) and N = Ni UN 2 is a binear-ring. It is 
easily verified that the bisemigroup binear-ring is also a quad near-ring where NSj 
are semigroup near-rings or semigroup rings, i = 1, 2 and j = 1, 2. All results 
connected with binear-rings can be extended in case of quad near-rings. 

Definition 1.8.46: Let (N, +, •) is a non-empty set where N = Ni UN 2 . We say N is 
a biseminear-ring if one of (Ni, +, •) or (N 2 , +, •) are seminear-rings. Thus for N to 
be biseminear-ring we need one of (Ni, +, •) or (N 2 , +, •) or both to be a seminear- 
ring. 

We can have several such biseminear-rings. All notions studied in case of binear-rings 
can also be easily studied and generalized for biseminear-rings. The only means to 
generate several new classes of biseminear-rings are as follows: 

Definition 1.8.47: Let (S, +, •) be a biseminear-ring with S = Si uS 2 . G any group 
the group biseminear-ring SG = SiG u S 2 G where SjG are group seminear-rings. 
Clearly every group biseminear-ring is a biseminear-ring. 

By using this definition we can have infinite class of both commutative or non- 
commutative and infinite or finite classes of biseminear-rings. If in the definition of 
group biseminear-rings if we replace the group by a semigroup we get yet another 
new class of biseminear-rings. 

Definition 1.8.48: Let (N, +, •) be a non-empty set. We say (N, +, •) is a quad 
seminear-ring or bi-biseminear-ring if the following conditions hold good. 
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1. 



N = Ni lj N 2 uNs UN4 where N are proper subsets of N such that N at 
Njfor any i i,j = 1, 2, 3, 4. 
ii. (Ni, +, •) is at least a semin ear-ring for i = 1, 2, 3, 4 under the operations 
ofN. Then we call (N, +, •) a quad seminear-ring or bi-biseminear-ring. 

Definition 1.8.49: Let (N, +, •) be a binear-ring i.e. N = Ni UN2 where Ni atNi or 
N2 at Ni such that (Ni,+, •) is a near-ring and (7V?,+, *) is a ring. The map ft : N —> 
[0,1] is said to be a fuzzy bi near-ring if p = pi u P2 where pi : Nj —> [0, 1] is a fuzzy 
near-ring and pi : N2 —> [0,1] is a fuzzy ring; the ‘u’ is just only a notationai 
convenience. 

Equivalently we can define p restricted to Ni is a fuzzy near-ring and p restricted to 
N2 is a fuzzy ring where p = p N u p N = pi u P2. Here p N denotes the restriction 

of p to Ni and p Ni denotes the restriction of p to N2. 

All notions as in case of fuzzy near-rings can be extended to fuzzy binear-rings in an 
analogous way using appropriately the fuzzy near-ring concept and the fuzzy ring 
concept. However we will be defining in the later chapters the concept of 
Smarandache fuzzy binear-rings and their properties. 



1.9 Fuzzy vector spaces and fuzzy bivector spaces 

In this section we introduce the concept of fuzzy bivector spaces and recall the 
definition and properties of fuzzy vector spaces. The study of fuzzy vector spaces 
started as early as 1977; but till date the study of fuzzy bivector spaces is absent. 

For more about fuzzy vector spaces refer [75, 79, 91, 92, 96, 101]. 

Throughout this section V denotes a vector space over a field F. A fuzzy subset of a 
non-empty set S is a function from S into [0, 1], Let A denote a fuzzy subspace of V 
over a fuzzy subfield K of F and let X denote a fuzzy subset of V such that X cz A. 
Let (X) denote the intersection of all fuzzy subspaces of V over K that contain X and 
are contained in A. 

Definition 1.9.1: 

i. A fuzzy subset K of F is a fuzzy subfieid of F, if K (1) = 1 and for ail c, d a F, 
K (c - d) >min {K(c), K (d)j and K(cd ! ) >min { K( c), K (d)} where d # 0. 

ii. A fuzzy subset A of V is a fuzzy subspace over a fuzzy subfieid K of F, if A (0) > 
0 and for ail x, y a V and for ail c a F, A (x -y) >min [A (x), A(y)} and A (cx) 
>min { K(c ) , A (x)}. IfK is a fuzzy subfieid of F and if x a F, x & 0, then K(0) 
= K(l) >K(x) = K(-x) = K(+ x~ ] ). 



In the following we let L denote the set of all fuzzy subfields of F and let Al denote 
the set of all fuzzy subspaces of V over Ke L. 
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If A and B are fuzzy subsets of V then AcB means A(x) < B(x) for all x g A. For 
0 < t < 1, let A t = {x g V | A(x) > t}. 

Theorem 1.9.1: Let Abe a fuzzy subset of V and let s, t e Im(A). 

Then 

i. s <t if and only if A s z?A t , 

ii. s = t if and only if A, = A, . 

Proof: It is a matter of routine hence left for the reader as an exercise. 

If A g A l for every fuzzy subfield K' of K. For S a subset of F, we let 8s denote the 
characteristic function of S. 

Theorem 1.9.2: Let A e A Ss . Then for all t such that 0 <t <A(0). A, is a subspace of 
V. 

Proof: Straightforward hence left for the reader as an exercise. 

Theorem 1.9.3: Let A be a fuzzy subset of V. If A t is a subspace of V for all t e 
Im(A), then A e A Sp . 

Proof: Proof is a matter of routine and the reader is expected to prove. If A is a fuzzy 
subspace of V, then A t is called a level subspace of V where 0 < t < A(0). 

Theorem 1.9.4: Let V/ c f a ...a V t a ... be a strictly ascending chain of 
subspaces of V. Define the fuzzy subset A of V by A (x) = /, , if x e V, \ Vj-i where U > 

ti+ifor i = 1, 2, ... and Vo = (f)and A(x) = 0 if xeV\uV r Then Ae A s . 

i=l F 



Proof: Let c g F. If xg V\uV i then A(cx) > 0 = A(x). Suppose that x g V, \ V, |. 

i=l 

Then ex g V;, thus A (ex) > t ; = A(x) > min {Sf (c ), A(x)}. 

Theorem 1.9.5: Let V = V 0 Vj zd ...j V t ... be a strictly descending chain of 
subspaces ofV Define the fuzzy subset A of V by A(x) = U-i if xg Vj-i \ Vj where U-i < 

ti < 1 for i = 1, 2, .. and A(x) = 1 if xe r\V t . Then Ae A s . 

i-1 F 



Proof: Let c g F. If xg nVj then cxg nV ; and so A(cx) = 1 > min {8 f (c), A(x)}. 

i=l i=l 

Suppose that x g Vi_i \ V;. Then ex g Vi_i thus A(cx) > ft_i = A(x) > min {Sf (c), 
A(x)}. If A g Ak n Ak' for K, K' g L then Im (A) is fixed no matter whether we 
consider A in Ak or A in Ak. 

Now using all the above results the following theorem can be proved which is left as 
an exercise for the reader. 
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Theorem 1.9.6: V is finite dimensional over F if and only if every A e A Sp is finite 
valued. 

The following condition which is given as the theorem is also assigned for the reader 
to prove. 

Theorem 1.9.7: Let S be a non empty subset of V. Then S is a subspace of V if and 
only if S s e A Sp . 

Now we proceed onto recall the concept of fuzzy spanning. 

Definition 1.9.2: Let At, At, ..., A n be fuzzv subsets of V and let K be a fuzzv subset 
ofF. 



i. Define the fuzzy subset A / + ... + A n on V by the following: for all x e V, 
(At +... + A n )(x) = sup {min {At (xt ), ..., A n (x n )j /x = xi +...+ x„, Xj e V}. 

ii. Define the fuzzy subset K o A of V by for all x e V, (K o A)(x) = 
sup{min{K(c), A(y)} \ c e F, y e V, x = c y }. 

Definition 1.9.3: Let S be a set x e S and 0 < A < 1. Define the fuzzy subset xx of S 
by xx (y) = A if y = x and xx (y) = 0 if y ^x. xx is called a fuzzy singleton. 

Theorem 1.9.8: Let A be a fuzzy subset of V and let K be a fuzzy subset of F. Let d e 
F and x e V. Suppose that 0 < p , A <1. 

Then for all z e V. 



i. 

ii. 
Hi. 

iv. 



(d u o A) (z) = min \ p, A 



— z 
yd j 



•if d AO. 



( Ofi o A) (z) = sup { min fu, A(y)} y e V} if z = 0. 

(K o xx) (z) = sup {min {K( c), A} \ c e F, z = cx } if x ^ 0 and z e S p (x); 0 
if x A 0 and z g S p (x). 

(K o Ox) (z) = sup {min { K(c ), A} / c e F } if z = 0, (K o Ox)(z) = 0 if z ^0. 



Proof: Follows by simple and routine work. 



Theorem 1.9.9: Let c, d e F, x, y e V and 0 <k, A, p , v <1. 
Then, 



d/u O XX (dx) m in ij_i , X)> V/. T Vy (x ~y y)min (X, v)> d ii O XX "F Cf( O yv ( dx F Cy) m in{fi , X, k, v}. 



Proof: Left for the reader to refer [75]. 

The following theorem is also expected to be proved by the reader or refer [75]. 

Theorem 1.9.10: Let A e Anand let B, C be fuzzy subsets ofV. Let b, c e F. IfB czA 
and C czA then b M o B + C v o C czA where 0 < p <K (b) and 0 < V <K (c). 
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Definition 1.9.4: Let {A , /i e 1} be a non empty collection of fuzzy subsets of V. 
Then the fuzzy subset f| A. ofV is defined by the following; for all x e V 

is I 

( Q 4 j ( x ) = in f U,( x)\iel}. 

Theorem 1.9.11: If {A t \A,- e A K , ie 1} is non empty then f| A. e A K . 

iel 

Proof: Let ce F and xe V. Then 

^f| A ; j (ex) = inf {a^cx) | ie l}> inf {min{K(c), A t (x)} iel} 

= either K(c) or inf{Ai (x) | i e I}. 

Hence 

(P4) ( cx ) - min \^( c )’ P A(xjJ . 



Definition 1.9.5: Let A e Ak and let X be a fuzzy subset of V such that X c;A. Let (X) 
denote the intersection of all fuzzy subspaces of V (over K) that contain X and are 
contained in A. Then (X) is called the fuzzy subspace of A, fuzzily spanned (or 
generated) by X 



Theorem 1.9.12: Let A e A k and let X be a fuzzy subset of V such that X c A. Define 
the fuzzy subset S of V by the following; for all x e V, 



S(x) 



sup 



I X, 0 x iy 



(x) c i zF,x i £V,K(c i ) = p i , 



W i=i J 

X(x j ) = A i ,i = l,2,---,n,n>l}. Then (X) = S and S e Ak- 



Proof: Follows by routine calculations. For proof refer [75], 

Now we proceed on to define the notion of fuzzy freeness. Let £ denote a set of fuzzy 
singletons of V such that x>„ , x K e f then X = k > 0. Define the fuzzy subset X(Q of V 
by the following; for all x e V, X (Q (x) = X if x^ e and X(Q(x) = 0, otherwise. 
Define (Q = <X(Q). Let X be a fuzzy subset of V. Define £(X) = {x^ | x e V, X = 
X(x) > 0}. Then X (f (x)) = X and (, X(Q) = If there are only a finite number of xx 
€ with X > 0 we call C, finite. If X (x) > 0 for only a finite number of x e X, we call 
X finite. Clearly £ is finite if and only if X (Q is finite and X is finite if and only if 
£(X) is finite. For x e V let X \ x denote the fuzzy subset of V defined by the 
following; for all y e V let (X \ x) (y) = X (y) if y =£ x and (X \ x) (y) = 0 if y = x. 
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Definition 1 . 9 . 6 : Let A e Ak and let X be a fuzzy subset of V such that X a A. Then X 
is called a fuzzy system of generators of A over K if ( X) = A. X is said to be fuzzy free 
over K if for all xx e X where A = X (x), xx <zr (X\x). X is said to be a fuzzy basis for 
A if X is a fuzzy system of generators of A and X is fuzzy free. Let f denote a set of 
fuzzy singletons ofV such that if xx, xk £ f then A = k and xx £ A. Then f is called a 
fuzzy singleton system of generators of A over K. if ( f ) = A. f is said to be fuzzy free 
over K, if for all xx £ f , xx (A (f\ {xx} ')■ f is said to be a fuzzy basis of singletons for A 
if f is a fuzzy singleton system of generators of A and f is fuzzy free. 

Theorem 1 . 9 . 13 : Suppose that A e Ak Then 

i. K is a subfield of F. 

He sfs 

ii. A is a subspace of V over K . 

Proof. The work is assigned to the reader as exercise. 

Theorem 1 . 9 . 14 : Let Ae Ak and let g e {x^ | xe A* , 0 < A < A(x )\ be such that of 

xx, Xk £ if then A = k and let % = (x \ xx £ f}. Suppose inf { k(c ) \ c e F} >sup {A (x) \ 
x e V \ {(0)}}. Then f is fuzzy free over k if and only if x is linearly independent over 
F. 

Proof: It is a matter of routine [75], 

Theorem 1 . 9 . 15 : Let Ae Ak. Let g = | xe A* , 0 < A< A(x )) be such that if xx, Xk 

e f then A = k and X = {x \ xx £ Q. Suppose inf { k(c ) \ c e F} > sup {A (x) \ x e V \ 
{0}}. Then f is maximally fuzzv free in A over k if and onlv if X I s a basis for A over 
k*. 

Proof: Using the fact if A(x) = 0 for all x e V \ {0} then the result holds with ’Q and X 
empty. 

Suppose {0} c A*. Then k* = f. Suppose C, is maximal fuzzy free, then x is linearly 
independent over F. Using earlier theorems we get with simple calculations that C, is 
maximal. 

The following is a simple consequence of the above theorem. 

Theorem 1 . 9 . 16 : Let A e Ak. Suppose that inf {. k(c ) \ c e F} > sup (A(x) \ x e V \ 
{Ol f Then A has maximally fuzzy free sets over k of fuzzy singletons of V and every 
such set has the same cardinality. 

The following theorem gives condition for the existence of fuzzy basis. 

Theorem 1 . 9 . 17 : Let A e Ak. Suppose inf {k(c) \ c e Fj >sup {A (x) \ x e V \ {0}}. If 
A is finite valued, then A has a fuzzy basis over k. 

Proof: Matter of routine, hence left for the reader as an exercise. 
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The following results are immediate consequence of the above Theorem hence it is 
left for the reader to prove. 



Theorem 1.9.18: Let A e f - . Suppose that inf { k(c j \ c e F} > sup A (x) such that 
x € V \{0}}.IfVis finite dimensional, then A has a fuzzy basis over k. 

Theorem 1.9.19: Let A Suppose inf (k(c) / c e Fj >sup (A(x) /x e V \ {0}}. If 

A is finitely fuzzily generated over k, then A has a fuzzy basis over k. 



Now we define fuzzy linearly independent set. 



Definition 1.9.7: Let A e Ak and let f cr {x\ \ x e A*, A <A (x) } be such that if xx, Xk 
e f , then A = k. Then f is said to fuzzy linearly independent over k if and only if for 

\( " A 

every finite subset j xj^ x n ^ ] of C whenever \ o 



v iXj 






(x) = 0 for all x e 



V \ {0} where Cj e F, 0 < p, <K(cj for i = 1, 2, .. ., n} then ci = cx = ... = c n = 0. 



Finally we recall the following theorem with proof. 

Theorem 1.9.20: Let A e Ak and let £ ci {xx \ x e A , 0 < A < A (x)} be such that if xx, 
xk e C , then A = K and let % = (x \ xx £ Q- Then fis fuzzy linearly independent over 
K if and only if X is linearly independent over K . 

Proof: Suppose 'Q is fuzzy linearly independent over K. Suppose 

n 

0 = ^ CjXj where e K* and x ; e x > i = 1 , 2, . . . , n. 

i=l 



Let T = min {(ii, . . ., (i n , Xi, . . ., X n } where 0 < (ii < K (c;) and 0 < X; < A(x;) for i = 1, 
2, ..., n. Then for all x e V \ {0}, 



0 = 



f n 

I 

V '=1 



C ; X • 



Jx 





Hence ci = ci = . . .= c n = 0. Conversely suppose x is linearly independent over K*. Let 
X] x ,-",x n e C,. Suppose that for all x e V \ {0}, 0 = ^ (c iu ° x j; )(x) then 0 = 

^ n 'N n ^ 

^CjX; (x). Since L > 0, ^CjXj =0. Hence ci = C 2 =...= c n = 0. Hence the 

V i=l A i=l 

theorem. 



Now we proceed on to define the notion of fuzzy algebraically independent. Let X be 
a fuzzy subset of F, we let (f> (X) = {x t 1 1 = X(x) > 0}. If cf> is a set of fuzzy singletons 
such that x t , x s e (]) implies t = s, then we let X ((])) denote the fuzzy subset of F 
defined by (X((|))) (x) = t if x t e (]) and (X(<|))) (x) = 0 if x t <t (]). Clearly X((|)(X)) = X 
and (f> (X(<f))) = (f). We let i = (ft, ..., i n ). If F is a field F(F) denotes the set of all fuzzy 
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subfields of F. F(A) will denote the set of all fuzzy subsets X of F such that X cz A 
and F(A/B) the set of all fuzzy subfields C of F such that BcCcA. 

We in the forthcoming definitions and results assume A, B e F(F) and BcA. 

Now we proceed on to recall the definitions as given by [91]. The following notation 
and definition is recalled for they are used in the following results. 

Definition 1 . 9 . 8 : Let A, B e F(R), B a A, and let X be a fuzzy subset of R such that 
X cz A. Define B[X] to be the intersection of all C e F(R) such that B uX <z C cr A. 
For A, B e F(F), B cz A and let X be a fuzzy subset of F such that X <zA. Define B(X) 
to be the intersection of all C e F(F) such that B u X cz C cz A. B [X] is a fuzzy 
subring of R and B [X] is a fuzzy subfield of F. 

Definition 1 . 9 . 9 : Let X e F(A). Then X (or <j) (X)) is said to be fuzzy algebraically 
independent over B if and only if for all (xj) t ,-••,( x n ) t e (f> (X ) , for all bi, bi, ..., 

b n s F for all s e (0, 1], ^(b i ) (x‘) t = .0, where B(bj) >u, and X (xf >tj, (j = 1, 2, 

. . n) implies bi = 0 for all i. 

If C t cz A is fuzzy algebraically independent over B, then C, is also said to be fuzzy 
transcendental over B. 

THEOREM 1 . 9 . 21 : Let X e F(A). Then X is fuzzy algebraically independent over B if 
and only if for all s e (0, 1], Xs is algebraically independent over Bs. 

Proof: Suppose that X is fuzzy algebraically independent over B. Let s e (0, 1], 
Suppose that 0 = ^b^Xj) 11 •••(x n ) ln where bi e B s and Xj e X s ( j = 1, 2, ..., n). Then 

0 S = »,) s (x^g 1 ' •••(x n ) s ln and since B(bi) > s and X (xj) > s, bj = 0 for all i. Thus 
X s is algebraically independent over B s . Conversely suppose that X s is algebraically 
independent over B s for all se (0, 1]. Suppose that 0 S = !>,)», ( x ‘)t where B(bi)> 
Uj and X(xj) > tj. Then min {mini{ui}, min {tj / j = 1, 2, ..., n}} = s and 
Xb i (x 1 ) 11 ,..(x n ) ln = 0. Thus B (bi) > s andX(xj) > s and so bi <= B s and x, e X s . 
Hence bi = 0 for all i. Thus X is fuzzy algebraically independent over B. 

The following theorem can also be a proved as a matter of routine. 

THEOREM 1 . 9 . 22 : Let X e F(A). Then X is fuzzy algebraically independent over B if 
and only ifX is algebraically independent over B . 

Theorem 1 . 9 . 23 : Let X e F(A). 

i. For all t e (0, 1], B, (X, ) <zB(X), . 

ii. IfB(X) has the sup property then for all t e (0, 1], 

B,(X t ) = B(X) t . 
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Proof: 



i. Let z e B t (X t ), then (B(X))(z) > t follows easily from properties of fuzzy sets. 

ii. Let z g B(X) t . Then (B(X))(z) > t and since B(X) has the sup property, z has a 
representation as an element of B t (X t ) by results on fuzzy sets. Thus z e B t (X t ). 

Theorem 1.9.24: LetX e F(A). Then B(Xf = B*(X*) andB[X* ] = B* [X* ]. 

Proof: x g B(X)* if and only if (B(X)) (x) > 0 if and only if x g B*(X*). Similarly we 
can prove B[X] = B [X ]. Let X g F(A). We say that X is maximally fuzzy 
algebraically independent over B if and only if X is fuzzy algebraically independent 
over B and there does not exist Y g F(A) such that Y is fuzzy algebraically 
independent over B and XcY. 

Theorem 1.9.25: Let X e F(A). Suppose for all x e X we have X (x) = A(x). Then X 
is maximally fuzzy algebraically independen t over B if and only if X is transcendence 
basis of A /B . 

Proof: By earlier results and routine calculations the result can be arrived. 

The following theorem is a direct consequence of the above result. Hence the reader is 
expected to prove the result. 

THEOREM 1.9.26: A/B has maximal fuzzy algebraically independent fuzzy subsets of 
F and the cardinality of each is unique. 

First we give some notational conventions using which we define the concept of fuzzy 
transcendental and neutral. 

Let c t £ A, t > 0. Suppose that c t is not fuzzy algebraically independent over B. Then 

% 

there exists n g N, there exist b, g B , s, u, g (0, 1 ] such that B(b,) = u, for i = 0, 1, . . ., 

n 

n and such that 0 S = ^ (b, ) u (c,) 1 with not all bi = 0. If the only such s that exists for 

i=l 

which such an equation holds are strictly less than t, then C t is not fuzzy algebraic 
over B. 

Definition 1.9.10: Let c t a A , with t >0 Then c, is called fuzzy algebraical over B if 
and only if c, is not fuzzy transcendental over B. If every such c, is fuzzy algebraical 
over B, then A/B is called fuzzy algebraical; otherwise A/B is called fuzzy 
transcendental. 

Definition 1.9.11: Let c t c: A, with t > 0 If there exists s e (0, t] such that c s £ B, 
then c t is called neutral over B. If every such c, is neutral over B, then A/B is called 
neutral. 

Clearly A/B is neutral if and only if A = B . Suppose that for c e F, t = A (c ) >B(c ) 
= s >0. Then c, + (-c s ) = 0 S , so that c, is fuzzy algebraical over B. In fact we can think 
of c t as being a root of a first degree polynomial in x, x + (~c s ) with c s cz B. 
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Theorem 1.9.27: A/B is fuzzy algebraical if and only if A / B is algebraic. 

Proof: Suppose that A/B is fuzzy algebraical. Let ce A. Then there exist n e N,Ke 
F not all 0, there exist s, I3i e [0, 1] such that 



( K n) Vn (Ct) n + --- + (K 1 ) Vl (c t ) + (K 0 ) Vo =0 S wheres<t = A(c)and(K i ) Wi cB 



for i = 0, 1,2, . . . , n. Thus K n c n + . . . + Ki c + Kq = 0 and K; e B* for i = 0, 1,2, . . . , n. 
That is c is algebraic over B . Conversely, suppose that A/B is algebraic. Let c t cz A 

• H* m s|« t 

with t > 0. Then ce A hence there exist neN, and K; e B , K; not all 0, i = 0, 1, . . ., 
n such that K n c n + . . .+ Kic + K<, = 0. Thus 

(K n ), n ( Ct ) n + - + (K 1 ) 1)i (e t )+(K 0 ), o =O s 

where B (K;) = 13; for i = 0, 1,2, . . ., n. and s = min {t, l) 0 , 13;, . . ., I3 n }. Hence c t is fuzzy 
algebraical over B. 

The following theorem is an easy consequence of the earlier theorem. 

Theorem 1.9.28: Let X e F(A). Then B(X) = B[X] if and only if B(X)/B is fuzzy 
algebraical. 

Theorem 1.9.29: Let C e F (A/B). Then A/B is fuzzy algebraical if and only if A/C 
and C/B are fuzzy algebraical. 

Proof: A*/B* is algebraic if and only if A*/C* and C*/B* are algebraic. 

Definition 1.9.12: Let c, c: A with t >0. Suppose that c is a root of a polynomial p(x) 
= K n x + . . . + KjX + Kq over B . We say that c, is fuzzy algebraical with respect to 

n 

p(x) over B if and only if 0 S = I/K i ) v .(Cj f for some Vj e (0, 1] where B (K t ) > Vi 

i=l 

for i = 0, 1, 2, n and s <t. For s = t we say that c, is fuzzy algebraic with respect 
to p(x) over B . 

Theorem 1.9.30: Let K, b e B*, K # 0. If B(K) #B(b) then B(Kb) = min { B(K ), 
B(b)f 

Proof: Follows as an easy consequence hence left for the reader to prove. 

Theorem 1.9.31: Let c t c: A with t > 0. Suppose that c is algebraic over B . Let p(x) 
be the minimal polynomial of c over B . If c t fuzzy algebraical (not fuzzy algebraic) 
with respect to p(x) then c, is fuzzy algebraical (not fuzzy algebraic) with respect to 
even’ irreducible polynomial over B which has c as a root. 

Proof: Let p(x) = x n + . . .+ K;x + K 0 . Then there exists K; such that 0 < B (K;) < t. Let 
q (x) be any irreducible polynomial over B having c as a root. Then q(x) = Kp(x) for 
some K e B*. Suppose that B (K) ^ B (K;). Then 0 < B (KK;) = B(K;) < t suppose that 
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B(K) = B(K;), then 0 < B (K) < t and the desired result follows in this case since K is 
the leading coefficient of q (x). 

The following result is a direct consequence of the definitions and a matter of routine. 

Theorem 1.9.32: Define the fuzzy subset B (n> of F by B (n> (x) = A(x) if x e B* and 
B"(x) = 0 if x £ B . Then B" e F (A/B). Suppose that inf (A (x) \ x e B } >sup {A (x) \ 
x £ B*}. If A/B is fuzzy algebraical then A/B (n> is fuzzy algebraic. 

Now we proceed on to define fuzzy transcendence basis. 

Definition 1.9.13: Let X € F (A). Then X is called a fuzzy transcendence basis of 
A/B if and only if X is fuzzy algebraically independent over B and A/B (X) is fuzzy 
algebraical. 

Theorem 1.9.33: A/B has a fuzzy transcendence basis and the cardinality of a fuzzy 
transcendence basis is unique. In fact X is a fuzzy transcendence basis of A/B if and 
only ifX is a transcendence ofA/B. 

Proof: Follows easily by the very definition. 

Now we proceed on to define fuzzy separable and fuzzy pure inseparable. 

Definition 1.9.14: Suppose that c t a A with t > 0. Then c, is said to be fuzzy pure 
inseparable over B if and only if there exists e e N u {0}, such that b,„ bi e B*, 

where s, Vo, Vi e (0, 1], B (bi) = Vi for i = 0, 1 such that (K I ) v fc t ) p + ( K 0 ) =0 S 

A/B is called fuzzy pure inseparable if and only if every c t czA with t >0 is fuzzy pure 
inseparable over B. c, is said to be fuzzy separable algebraical over B if and only if 
there exists n e N, such that bi e B*, there exist s, Vi e (0, 1], B( bi) = Vi for i = 0, 1, 

n 

2, ..., n such that 0, = (C/f and the polynomial ^ K t x l (in x) is separable 

i=0 

over B . A/B is called fuzzy separable algebraical if and only if every c, c: A with t >0 
is fuzzy separable algebraical over B. 

Now c t £ A (t > 0) in neutral over B if and only if c t is fuzzy pure inseparable and 
fuzzy separable algebraical over B, yet in either event it is not necessarily the case 
that c t cz B. If c t is fuzzy pure inseparable and fuzzy separable algebraic over B, then 
c t ^B. 

The following theorems are a matter of routine and the proofs can be easily supplied 
by an innovative reader. 

Theorem 1.9.34: 

i. A/B is fuzzy pure inseparable if and only if A /B is purely inseparable. 

ii. A/B is fuzzy separable algebraical if and only if A /B is separable algebraic. 
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